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The story so far

‣ We have defined what is a category and provided several examples. 
‣ We have defined notions of product, coproduct, subcategory, etc. 
‣ We have been looking at posets and how they represent trade-offs. 
‣ We have seen how posets can be interpreted as categories. 

‣ Today: 
- Monotone functions  
- Lattices; meet, join. Interpretation as product/coproduct. 
- Functors as generalization of monotone functions on posets.



Looking ahead

‣ In a category, morphisms are arrows between objects. 

‣ In the category of categories Cat, functors are arrows between categories. 

‣ Natural transformations are arrows between functors with same domain/codomain.

<latexit sha1_base64="vGJRh0x+5JPtB+vgqK3zEhantlo=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosdALh4TMImQLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgdNLGgoqrqppoJECoOu++UU1tY3NreK26Wd3b39g/LhUdvEqebQ4rGM9X3ADEihoIUCJdwnGlgUSOgE4/rM7zyANiJWdzhJwI/YUIlQcIZWatb75Ypbdeegq8TLSYXkaPTL371BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbPKgIaxtqOQztXfFxmLjJlEgd2MGI7MsjcT//UMiselbAxv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2XsEraF1Xvquo2Lyu1Wl5QkZyQU3JOPHJNauSWNEiLcALkmbyQV+fJeXPenY/FasHJb47JHzifP2ASlHQ=</latexit>C

<latexit sha1_base64="vGJRh0x+5JPtB+vgqK3zEhantlo=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosdALh4TMImQLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgdNLGgoqrqppoJECoOu++UU1tY3NreK26Wd3b39g/LhUdvEqebQ4rGM9X3ADEihoIUCJdwnGlgUSOgE4/rM7zyANiJWdzhJwI/YUIlQcIZWatb75Ypbdeegq8TLSYXkaPTL371BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbPKgIaxtqOQztXfFxmLjJlEgd2MGI7MsjcT//UMiselbAxv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2XsEraF1Xvquo2Lyu1Wl5QkZyQU3JOPHJNauSWNEiLcALkmbyQV+fJeXPenY/FasHJb47JHzifP2ASlHQ=</latexit>C <latexit sha1_base64="74cWX4sgZSzTVRx8twYW1VD63jM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAHjwmYB6QLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgeNFjQUVd1UU0EihUHX/XQKK6tr6xvFzdLW9s7uXnn/oGXiVHNo8ljGuhMwA1IoaKJACZ1EA4sCCe1gfD3z2/egjYjVHU4S8CM2VCIUnKGVGjf9csWtunPQv8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbHKgIaxtqOQztWfFxmLjJlEgd2MGI7MsjcT//UMioelbAyv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2X8Je0zqreRdVtnFdqtbygIjkix+SUeOSS1MgtqZMm4QTIE3kmL86j8+q8Oe+L1YKT3xySX3A+vgFhqJR1</latexit>D <latexit sha1_base64="RB8GP5+dZdKlNZjTGBOZkiMM6xw=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseACB4TMA9IljA76U2GzM4uM71iWPMFXvUHvIlXf8a7H+Ik2YNGCxqKqm6qqSCRwqDrfjqFldW19Y3iZmlre2d3r7x/0DJxqjk0eSxj3QmYASkUNFGghE6igUWBhHYwvp757XvQRsTqDicJ+BEbKhEKztBKjZt+ueJW3TnoX+LlpEJy1Pvlr94g5mkECrlkxnQ9N0E/YxoFlzAt9VIDCeNjNoSupYpFYPxs/uiUnlhlQMNY21FI5+rPi4xFxkyiwG5GDEdm2ZuJ/3oGxcNSNoZXfiZUkiIovogOU0kxprMe6EBo4CgnljCuhf2e8hHTjKNtq2Rr8ZZL+EtaZ1Xvouo2ziu1Wl5QkRyRY3JKPHJJauSW1EmTcALkiTyTF+fReXXenPfFasHJbw7JLzgf32M+lHY=</latexit>E
<latexit sha1_base64="RrWXUqK/gon0nbRVjG+48tE0mts=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAIB4TMA9IljA76U2GzM4uM71iWPMFXvUHvIlXf8a7H+Ik2YNGCxqKqm6qqSCRwqDrfjqFldW19Y3iZmlre2d3r7x/0DJxqjk0eSxj3QmYASkUNFGghE6igUWBhHYwvp757XvQRsTqDicJ+BEbKhEKztBKjZt+ueJW3TnoX+LlpEJy1Pvlr94g5mkECrlkxnQ9N0E/YxoFlzAt9VIDCeNjNoSupYpFYPxs/uiUnlhlQMNY21FI5+rPi4xFxkyiwG5GDEdm2ZuJ/3oGxcNSNoZXfiZUkiIovogOU0kxprMe6EBo4CgnljCuhf2e8hHTjKNtq2Rr8ZZL+EtaZ1Xvouo2ziu1Wl5QkRyRY3JKPHJJauSW1EmTcALkiTyTF+fReXXenPfFasHJbw7JLzgf32TUlHc=</latexit>F

<latexit sha1_base64="/tzbjbzsk4rCGgEHCdkXQoJBlQg=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseABz0mYB6QLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgeNFjQUVd1UU0EihUHX/XQKK6tr6xvFzdLW9s7uXnn/oGXiVHNo8ljGuhMwA1IoaKJACZ1EA4sCCe1gfD3z2/egjYjVHU4S8CM2VCIUnKGVGjf9csWtunPQv8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbHKgIaxtqOQztWfFxmLjJlEgd2MGI7MsjcT//UMioelbAyv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2X8Je0zqreRdVtnFdqtbygIjkix+SUeOSS1MgtqZMm4QTIE3kmL86j8+q8Oe+L1YKT3xySX3A+vgFmapR4</latexit>G

<latexit sha1_base64="stezDM7rSA3zFa2z1jLRqqX1hGM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAlxwTMImQLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgdNLGgoqrqppoJECoOu++UU1tY3NreK26Wd3b39g/LhUdvEqebQ4rGM9X3ADEihoIUCJdwnGlgUSOgE49uZ33kAbUSs7nCSgB+xoRKh4Ayt1Kz3yxW36s5BV4mXkwrJ0eiXv3uDmKcRKOSSGdP13AT9jGkUXMK01EsNJIyP2RC6lioWgfGz+aNTemaVAQ1jbUchnau/LzIWGTOJArsZMRyZZW8m/usZFI9L2Rje+JlQSYqg+CI6TCXFmM56oAOhgaOcWMK4FvZ7ykdMM462rZKtxVsuYZW0L6reVdVtXlZqtbygIjkhp+SceOSa1EidNEiLcALkmbyQV+fJeXPenY/FasHJb47JHzifP2gAlHk=</latexit>

H

<latexit sha1_base64="vGJRh0x+5JPtB+vgqK3zEhantlo=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosdALh4TMImQLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgdNLGgoqrqppoJECoOu++UU1tY3NreK26Wd3b39g/LhUdvEqebQ4rGM9X3ADEihoIUCJdwnGlgUSOgE4/rM7zyANiJWdzhJwI/YUIlQcIZWatb75Ypbdeegq8TLSYXkaPTL371BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbPKgIaxtqOQztXfFxmLjJlEgd2MGI7MsjcT//UMiselbAxv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2XsEraF1Xvquo2Lyu1Wl5QkZyQU3JOPHJNauSWNEiLcALkmbyQV+fJeXPenY/FasHJb47JHzifP2ASlHQ=</latexit>C
<latexit sha1_base64="74cWX4sgZSzTVRx8twYW1VD63jM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAHjwmYB6QLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgeNFjQUVd1UU0EihUHX/XQKK6tr6xvFzdLW9s7uXnn/oGXiVHNo8ljGuhMwA1IoaKJACZ1EA4sCCe1gfD3z2/egjYjVHU4S8CM2VCIUnKGVGjf9csWtunPQv8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbHKgIaxtqOQztWfFxmLjJlEgd2MGI7MsjcT//UMioelbAyv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2X8Je0zqreRdVtnFdqtbygIjkix+SUeOSS1MgtqZMm4QTIE3kmL86j8+q8Oe+L1YKT3xySX3A+vgFhqJR1</latexit>D

<latexit sha1_base64="RrWXUqK/gon0nbRVjG+48tE0mts=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAIB4TMA9IljA76U2GzM4uM71iWPMFXvUHvIlXf8a7H+Ik2YNGCxqKqm6qqSCRwqDrfjqFldW19Y3iZmlre2d3r7x/0DJxqjk0eSxj3QmYASkUNFGghE6igUWBhHYwvp757XvQRsTqDicJ+BEbKhEKztBKjZt+ueJW3TnoX+LlpEJy1Pvlr94g5mkECrlkxnQ9N0E/YxoFlzAt9VIDCeNjNoSupYpFYPxs/uiUnlhlQMNY21FI5+rPi4xFxkyiwG5GDEdm2ZuJ/3oGxcNSNoZXfiZUkiIovogOU0kxprMe6EBo4CgnljCuhf2e8hHTjKNtq2Rr8ZZL+EtaZ1Xvouo2ziu1Wl5QkRyRY3JKPHJJauSW1EmTcALkiTyTF+fReXXenPfFasHJbw7JLzgf32TUlHc=</latexit>F

<latexit sha1_base64="stezDM7rSA3zFa2z1jLRqqX1hGM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAlxwTMImQLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgdNLGgoqrqppoJECoOu++UU1tY3NreK26Wd3b39g/LhUdvEqebQ4rGM9X3ADEihoIUCJdwnGlgUSOgE49uZ33kAbUSs7nCSgB+xoRKh4Ayt1Kz3yxW36s5BV4mXkwrJ0eiXv3uDmKcRKOSSGdP13AT9jGkUXMK01EsNJIyP2RC6lioWgfGz+aNTemaVAQ1jbUchnau/LzIWGTOJArsZMRyZZW8m/usZFI9L2Rje+JlQSYqg+CI6TCXFmM56oAOhgaOcWMK4FvZ7ykdMM462rZKtxVsuYZW0L6reVdVtXlZqtbygIjkhp+SceOSa1EidNEiLcALkmbyQV+fJeXPenY/FasHJb47JHzifP2gAlHk=</latexit>

H

<latexit sha1_base64="zUiNsGabndAyi1TIVCNWoxVYu8g=">AAACGXicbVDLSsNAFJ3UV62vqEtBgkWom5KIouCmUBddVrAPaEKZTCft0MmDmRtpCdn5F/6BW/0Bd+LWlXs/xEmbhbYeuHA4517uvceNOJNgml9aYWV1bX2juFna2t7Z3dP3D9oyjAWhLRLyUHRdLClnAW0BA067kaDYdzntuON65nceqJAsDO5hGlHHx8OAeYxgUFJfP7aBTiBphH7aT2wfw8j1kjqGNK3Ub27P+nrZrJozGMvEykkZ5Wj29W97EJLYpwEQjqXsWWYEToIFMMJpWrJjSSNMxnhIe4oG2KfSSWZ/pMapUgaGFwpVARgz9fdEgn0pp76rOrNL5aKXif96EthkYTd4107CgigGGpD5ai/mBoRGFpMxYIIS4FNFMBFMXW+QERaYgAqzpGKxFkNYJu3zqnVZNe8uyrVaHlARHaETVEEWukI11EBN1EIEPaJn9IJetSftTXvXPuatBS2fOUR/oH3+AJ4ioQk=</latexit>

HomCat(C;D)



how good the thing is

how much you  
need to pay for it

feasible

does nothing does it wellit’s free costs a lot

requirements/costs functionality

functionality 1

functionality 2

feasible

cost 1 

cost 2 

feasible



Monotone functions

‣ Monotone functions on ℝ = “non-decreasing functions”.  

‣ Examples: all dimensioning relations in engineering: 

‣ Example: Manufacturing cost as a function of # of widgets.

computation		
[,lops]

power	[W]
torque	[Nm] current	[A]

#	of	widgets total	cost	[CHF]

# widgets

total cost



Monotone functions on posets

‣ A function  is monotone iff 

‣ It is an order isomorphism if it is injective and 

<latexit sha1_base64="z9/rQvKaarww+4WhK+yxlAaRexo=">AAACNnicbZDLSsNAFIYnXmu9VV26GSyCCymJKIpuCm5ctmAv0JQwmZ60QyeTODMRS+jD+Ba+gVtdunGluPURnLZRtPXAwMf/n8M58/sxZ0rb9os1N7+wuLScW8mvrq1vbBa2tusqSiSFGo14JJs+UcCZgJpmmkMzlkBCn0PD71+O/MYtSMUica0HMbRD0hUsYJRoI3mFiwCfY5cT0eWAK4cG4carYFdOFFdHP241c6vfrlco2iV7XHgWnAyKKKuKV3hzOxFNQhCacqJUy7Fj3U6J1IxyGObdREFMaJ90oWVQkBBUOx1/coj3jdLBQSTNExqP1d8TKQmVGoS+6QyJ7qlpbyT+6ynN7qZ26+CsnTIRJxoEnawOEo5NGKMMcYdJoJoPDBAqmbke0x6RhGqTdN7E4kyHMAv1o5JzUrKrx8VyOQsoh3bRHjpADjpFZXSFKqiGKLpHj+gJPVsP1qv1bn1MWuesbGYH/Snr8wvGSaqh</latexit>

f : ÍP ,fP Î ô ÍQ,fQÎ
<latexit sha1_base64="6t8Qt0qh2Do5wC5oDhCZg1BomY4=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOepMhs7PrTK8Yllz9A6/6A97Eq//h3Q9xkuxBEwsaiqpuqqkgkcKg6345hZXVtfWN4mZpa3tnd6+8f9A0cao5NHgsY90OmAEpFDRQoIR2ooFFgYRWMLqe+q0H0EbE6g7HCfgRGygRCs7QSh1GaVfCfa9Og1654lbdGegy8XJSITnqvfJ3tx/zNAKFXDJjOp6boJ8xjYJLmJS6qYGE8REbQMdSxSIwfjZ7eUJPrNKnYaztKKQz9fdFxiJjxlFgNyOGQ7PoTcV/PYPicSEbwys/EypJERSfR4eppBjTaSO0LzRwlGNLGNfCfk/5kGnG0fZWsrV4iyUsk+ZZ1buourfnlVotL6hIjsgxOSUeuSQ1ckPqpEE4ickzeSGvzpPz5rw7H/PVgpPfHJI/cD5/AOxQmAU=</latexit>a fP b

<latexit sha1_base64="lsh1cn6qUxCoGGiVBLLC26HD/pA=">AAACDHicbVDLTsJAFL3FF+Kr6NLNRGICG9IajS5J3LiERB4JkGY6TGHCdFpnpipp+AX/wK3+gDvj1n9w74c4QBcKnuQmJ+fcm3Nz/JgzpR3ny8qtrW9sbuW3Czu7e/sHdvGwpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fD3z2/dUKhaJWz2JaT/EQ8ECRrA2kmcXgzKuINTj9M5roKDsVzy75FSdOdAqcTNSggx1z/7uDSKShFRowrFSXdeJdT/FUjPC6bTQSxSNMRnjIe0aKnBIVT+dvz5Fp0YZoCCSZoRGc/X3RYpDpSahbzZDrEdq2ZuJ/3pKs8elbB1c9VMm4kRTQRbRQcKRjtCsGTRgkhLNJ4ZgIpn5HpERlpho01/B1OIul7BKWmdV96LqNM5LtVpWUB6O4QTK4MIl1OAG6tAEAg/wDC/waj1Zb9a79bFYzVnZzRH8gfX5A6FSmeE=</latexit>f (a) fQ f (b)
<latexit sha1_base64="cTrjNtilhvHiSeN95FdQHcze9NU=">AAAB+nicbVDLSgNBEOz1GeMr6tHLYhA8hV1R9Bjw4jEB84BkkdlJJxkyO7vM9IphzRd41R/wJl79Ge9+iJNkD5pY0FBUVdNNhYkUhjzvy1lZXVvf2CxsFbd3dvf2SweHTROnmmODxzLW7ZAZlEJhgwRJbCcaWRRKbIWjm6nfekBtRKzuaJxgELGBEn3BGVmpXrsvlb2KN4O7TPyclCGHzX93ezFPI1TEJTOm43sJBRnTJLjESbGbGkwYH7EBdixVLEITZLNHJ+6pVXpuP9Z2FLkz9fdGxiJjxlFokxGjoVn0puK/niHxuHCb+tdBJlSSEio+P91PpUuxO+3B7QmNnOTYEsa1sN+7fMg042TbKtpa/MUSlknzvOJfVrz6RblazQsqwDGcwBn4cAVVuIUaNIADwjO8wKvz5Lw5787HPLri5DtH8AfO5w90sJSB</latexit>P

<latexit sha1_base64="Jr1s66oIsDxBNPFJA8hf7cwJYwQ=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EETCxqKqm6qqSCRwqDrfjmFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuBayNidY+ThPsRHSoRCkbRSo1Gv1xxq+4cZJV4OalAjnq//N0bxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mjU3JmlQEJY21HIZmrvy8yGhkziQK7GVEcmWVvJv7rGRSPS9kY3viZUEmKXLFFdJhKgjGZ9UAGQnOGcmIJZVrY7wkbUU0Z2rZKthZvuYRV0rqoeldVt3FZqdXygopwAqdwDh5cQw3uoA5NYMDhGV7g1Xly3px352OxWnDym2P4A+fzB3ZGlII=</latexit>Q

<latexit sha1_base64="6t8Qt0qh2Do5wC5oDhCZg1BomY4=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOepMhs7PrTK8Yllz9A6/6A97Eq//h3Q9xkuxBEwsaiqpuqqkgkcKg6345hZXVtfWN4mZpa3tnd6+8f9A0cao5NHgsY90OmAEpFDRQoIR2ooFFgYRWMLqe+q0H0EbE6g7HCfgRGygRCs7QSh1GaVfCfa9Og1654lbdGegy8XJSITnqvfJ3tx/zNAKFXDJjOp6boJ8xjYJLmJS6qYGE8REbQMdSxSIwfjZ7eUJPrNKnYaztKKQz9fdFxiJjxlFgNyOGQ7PoTcV/PYPicSEbwys/EypJERSfR4eppBjTaSO0LzRwlGNLGNfCfk/5kGnG0fZWsrV4iyUsk+ZZ1buourfnlVotL6hIjsgxOSUeuSQ1ckPqpEE4ickzeSGvzpPz5rw7H/PVgpPfHJI/cD5/AOxQmAU=</latexit>a fP b

<latexit sha1_base64="lsh1cn6qUxCoGGiVBLLC26HD/pA=">AAACDHicbVDLTsJAFL3FF+Kr6NLNRGICG9IajS5J3LiERB4JkGY6TGHCdFpnpipp+AX/wK3+gDvj1n9w74c4QBcKnuQmJ+fcm3Nz/JgzpR3ny8qtrW9sbuW3Czu7e/sHdvGwpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fD3z2/dUKhaJWz2JaT/EQ8ECRrA2kmcXgzKuINTj9M5roKDsVzy75FSdOdAqcTNSggx1z/7uDSKShFRowrFSXdeJdT/FUjPC6bTQSxSNMRnjIe0aKnBIVT+dvz5Fp0YZoCCSZoRGc/X3RYpDpSahbzZDrEdq2ZuJ/3pKs8elbB1c9VMm4kRTQRbRQcKRjtCsGTRgkhLNJ4ZgIpn5HpERlpho01/B1OIul7BKWmdV96LqNM5LtVpWUB6O4QTK4MIl1OAG6tAEAg/wDC/waj1Zb9a79bFYzVnZzRH8gfX5A6FSmeE=</latexit>f (a) fQ f (b)



Rounding functions

‣ There are a few rounding functions: 

“round to nearest, ties to even” 
(default IEEE-754) 

‣ Also note: 

<latexit sha1_base64="g2+gumheqcJvb/EIzKTAX5LlvBE="></latexit>

ceil : ÍR,fÎ ô ÍN,fÎ
<latexit sha1_base64="hs1GzYok6tn6SloMacDKRlN6ixM="></latexit>

f loor : ÍR,fÎ ô ÍN,fÎ
<latexit sha1_base64="S27Jt/JQUlgCJ8Ey20fBXVMx+ZE="></latexit>

rtntte : ÍR,fÎ ô ÍN,fÎ

0 1 2 3

1

2

3

<latexit sha1_base64="6nSZfw7ILGWAoStz5nn+HWpgZJw="></latexit>≈x À R : f loor(x) f rtntte(x) f ceil(x)

<latexit sha1_base64="+sbwxJoWP2mGgq7l6+aK1sFZXb4=">AAACHHicbZDLSsNAFIYn9VbrrerSzWgRXEhJRNFlwY3LKvYCTSiT6Uk7dDKJMxOxhK59C9/Arb6AO3EruPdBnKZZaOsPAz/fOYdz5vdjzpS27S+rsLC4tLxSXC2trW9sbpW3d5oqSiSFBo14JNs+UcCZgIZmmkM7lkBCn0PLH15O6q17kIpF4laPYvBC0hcsYJRog7rlfexyIvoc3JDoge+nN+Njg+AOuzLjuFuu2FU7E543Tm4qKFe9W/52exFNQhCacqJUx7Fj7aVEakY5jEtuoiAmdEj60DFWkBCUl2ZfGeNDQ3o4iKR5QuOM/p5ISajUKPRN5+RgNVubwH9rSrOHmd06uPBSJuJEg6DT1UHCsY7wJCncYxKo5iNjCJXMXI/pgEhCtcmzZGJxZkOYN82TqnNWta9PK7VaHlAR7aEDdIQcdI5q6ArVUQNR9Iie0Qt6tZ6sN+vd+pi2Fqx8Zhf9kfX5A+ProaQ=</latexit>ÍR,fÎ <latexit sha1_base64="K6ORESFz51gJMcH5Q5ZUo5Y8kNs=">AAACHHicbZDLSsNAFIYn9VbrrerSzWgRXEhJRNFlwY0rqWAv0IQymZ60QyeTODMRS+jat/AN3OoLuBO3gnsfxGmahbb+MPDznXM4Z34/5kxp2/6yCguLS8srxdXS2vrG5lZ5e6epokRSaNCIR7LtEwWcCWhopjm0Ywkk9Dm0/OHlpN66B6lYJG71KAYvJH3BAkaJNqhb3scuJ6LPwQ2JHvh+ej0+NgjusCszjrvlil21M+F54+SmgnLVu+VvtxfRJAShKSdKdRw71l5KpGaUw7jkJgpiQoekDx1jBQlBeWn2lTE+NKSHg0iaJzTO6O+JlIRKjULfdE4OVrO1Cfy3pjR7mNmtgwsvZSJONAg6XR0kHOsIT5LCPSaBaj4yhlDJzPWYDogkVJs8SyYWZzaEedM8qTpnVfvmtFKr5QEV0R46QEfIQeeohq5QHTUQRY/oGb2gV+vJerPerY9pa8HKZ3bRH1mfP91ToaA=</latexit>ÍN,fÎ
<latexit sha1_base64="MTYrXoXhQlFPm/in45BtR+AyYXU=">AAACCnicbVDLSsNAFJ3UV62PRl26GSyCq5KIosuCG5cV7APaUCbTSTt0MhNmbsQS+gf+gVv9AXfi1p9w74c4TbPQ1gMXDufcyz2cMBHcgOd9OaW19Y3NrfJ2ZWd3b7/qHhy2jUo1ZS2qhNLdkBgmuGQt4CBYN9GMxKFgnXByM/c7D0wbruQ9TBMWxGQkecQpASsN3CruxwTGJsoioZSeDdyaV/dy4FXiF6SGCjQH7nd/qGgaMwlUEGN6vpdAkBENnAo2q/RTwxJCJ2TEepZKEjMTZHnwGT61yhBHStuRgHP190VGYmOmcWg385TL3lz81zPAH5d+Q3QdZFwmKTBJF6+jVGBQeN4LHnLNKIipJYRqbtNjOiaaULDtVWwt/nIJq6R9Xvcv697dRa3RKAoqo2N0gs6Qj65QA92iJmohilL0jF7Qq/PkvDnvzsditeQUN0foD5zPH0mpmwc=</latexit>

f loor

<latexit sha1_base64="lb8b3yRNBoO72d+6kkmQYH4d0TA=">AAACC3icbVDLSgNBEJyNrxhfqx69DAbBU9gVRY8BLx4jmAckIcxOepMhs7PLTG8wLPkE/8Cr/oA38epHePdDnGxy0MSChqKqmy4qSKQw6HlfTmFtfWNzq7hd2tnd2z9wD48aJk41hzqPZaxbATMghYI6CpTQSjSwKJDQDEa3M785Bm1ErB5wkkA3YgMlQsEZWqnnurQTMRyaMNMKEWDac8texctBV4m/IGWyQK3nfnf6MU8jUMglM6btewl2M6ZRcAnTUic1kDA+YgNoW6pYBKab5cmn9MwqfRrG2o5Cmqu/LzIWGTOJAruZx1z2ZuK/nkHxuPQbw5tuJlSSIig+fx2mkmJMZ8XQvtDAUU4sYVwLm57yIdOMo62vZGvxl0tYJY2Lin9V8e4vy9XqoqAiOSGn5Jz45JpUyR2pkTrhZEyeyQt5dZ6cN+fd+ZivFpzFzTH5A+fzByblm4E=</latexit>

rnttee

<latexit sha1_base64="dcvrz9Rd850X/h20Nhm3AksLuBY=">AAACB3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzAOSGGYnvcmQ2dllplcMSz7AP/CqP+BNvPoZ3v0QJ5s9aGJBQ1HVTRflx1IYdN0vp7Cyura+UdwsbW3v7O6V9w+aJko0hwaPZKTbPjMghYIGCpTQjjWw0JfQ8sfXM7/1ANqISN3hJIZeyIZKBIIztNI97YYMRyZIOQg57ZcrbtXNQJeJl5MKyVHvl7+7g4gnISjkkhnT8dwYeynTKLiEaambGIgZH7MhdCxVLATTS7PUU3pilQENIm1HIc3U3xcpC42ZhL7dzEIuejPxX8+geFz4jcFVLxUqThAUn78OEkkxorNS6EBo4CgnljCuhU1P+YhpxtFWV7K1eIslLJPmWdW7qLq355VaLS+oSI7IMTklHrkkNXJD6qRBONHkmbyQV+fJeXPenY/5asHJbw7JHzifP9Hemkc=</latexit>

ceil

<latexit sha1_base64="6zdWeSIqe8iNqoqRjfHTizv3peo=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzAOSEGYnvcmQ2dl1plcMS/APvOoPeBOvfot3P8TZZA+aWNBQVHVTTfmxFAZd98sprKyurW8UN0tb2zu7e+X9g6aJEs2hwSMZ6bbPDEihoIECJbRjDSz0JbT88XXmtx5AGxGpO5zE0AvZUIlAcIaZ1JVw3y9X3Ko7A10mXk4qJEe9X/7uDiKehKCQS2ZMx3Nj7KVMo+ASpqVuYiBmfMyG0LFUsRBML539OqUnVhnQINJ2FNKZ+vsiZaExk9C3myHDkVn0MvFfz6B4XMjG4KqXChUnCIrPo4NEUoxoVgUdCA0c5cQSxrWw31M+YppxtIWVbC3eYgnLpHlW9S6q7u15pVbLCyqSI3JMTolHLkmN3JA6aRBORuSZvJBX58l5c96dj/lqwclvDskfOJ8/97uV7Q==</latexit> f
<latexit sha1_base64="6zdWeSIqe8iNqoqRjfHTizv3peo=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzAOSEGYnvcmQ2dl1plcMS/APvOoPeBOvfot3P8TZZA+aWNBQVHVTTfmxFAZd98sprKyurW8UN0tb2zu7e+X9g6aJEs2hwSMZ6bbPDEihoIECJbRjDSz0JbT88XXmtx5AGxGpO5zE0AvZUIlAcIaZ1JVw3y9X3Ko7A10mXk4qJEe9X/7uDiKehKCQS2ZMx3Nj7KVMo+ASpqVuYiBmfMyG0LFUsRBML539OqUnVhnQINJ2FNKZ+vsiZaExk9C3myHDkVn0MvFfz6B4XMjG4KqXChUnCIrPo4NEUoxoVgUdCA0c5cQSxrWw31M+YppxtIWVbC3eYgnLpHlW9S6q7u15pVbLCyqSI3JMTolHLkmN3JA6aRBORuSZvJBX58l5c96dj/lqwclvDskfOJ8/97uV7Q==</latexit> f

<latexit sha1_base64="qU31sQinF6TOpISEBKuZMQKpyzw=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF49RzAOTJcxOJsmQ2dllplcMS47+gVf9AW/i1Q/x7oc4m+xBowUNRVU3XVQQS2HQdT+dwtLyyupacb20sbm1vVPe3WuaKNGMN1gkI90OqOFSKN5AgZK3Y81pGEjeCsaXmd+659qISN3iJOZ+SIdKDASjaKW7bkhxFATpzbRXrrhVdwbyl3g5qUCOeq/81e1HLAm5QiapMR3PjdFPqUbBJJ+WuonhMWVjOuQdSxUNufHTWeIpObJKnwwibUchmak/L1IaGjMJA7uZJTSLXib+6xkUDwu/cXDhp0LFCXLF5q8HiSQYkawQ0heaM5QTSyjTwqYnbEQ1ZWhrK9lavMUS/pLmSdU7q7rXp5VaLS+oCAdwCMfgwTnU4Arq0AAGCp7gGV6cR+fVeXPe56sFJ7/Zh19wPr4BzOCYnw==</latexit>R

<latexit sha1_base64="6fNDA2zxdACnBXXh7ybrwnaLSIs=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF08SwTwwWcLsZJIMmZ1dZnrFsOToH3jVH/AmXv0Q736Is8keNFrQUFR100UFsRQGXffTKSwtr6yuFddLG5tb2zvl3b2miRLNeINFMtLtgBouheINFCh5O9achoHkrWB8mfmte66NiNQtTmLuh3SoxEAwila664YUR0GQXk975YpbdWcgf4mXkwrkqPfKX91+xJKQK2SSGtPx3Bj9lGoUTPJpqZsYHlM2pkPesVTRkBs/nSWekiOr9Mkg0nYUkpn68yKloTGTMLCbWUKz6GXiv55B8bDwGwcXfipUnCBXbP56kEiCEckKIX2hOUM5sYQyLWx6wkZUU4a2tpKtxVss4S9pnlS9s6p7c1qp1fKCinAAh3AMHpxDDa6gDg1goOAJnuHFeXRenTfnfb5acPKbffgF5+MbxoSYmw==</latexit>N



Upper and lower bounds

‣ The upper bounds of a subset S of a poset P are, if they exist,  
the elements that dominate all elements in S. 

‣ The least upper bound, if it exists, is the least among the upper bounds of S. 
We also call it the join, supremum, ⋁ S. 

‣ The least upper bound need not exist. 

‣ The least upper bound need not exist even in a total order. 

           

‣ Dually: define lower bound, also called meet, minimum, ⋀S.

<latexit sha1_base64="0aQECE8AJY/dtXSxMFAhNX4fl/8=">AAACKnicbVDLSgNBEJyNrxhfqx69NAbBU9wVRREMQS8eo5gHZEOYnUySIbOzy8ysJCz7Gf6Ff+BVf8Bb8JoPcfIANVrQUFR1093lR5wp7TgjK7O0vLK6ll3PbWxube/Yu3tVFcaS0AoJeSjrPlaUM0ErmmlO65GkOPA5rfn924lfe6JSsVA86mFEmwHuCtZhBGsjtewTL8C65/vJQ9pKik4K1+AlA/CYgG8HrmAARXC8FFp23ik4U8Bf4s5JHs1Rbtljrx2SOKBCE46VarhOpJsJlpoRTtOcFysaYdLHXdowVOCAqmYyfSyFI6O0oRNKU0LDVP05keBAqWHgm87JsWrRm4j/ekqzwcJu3blsJkxEsaaCzFZ3Yg46hElu0GaSEs2HhmAimbkeSA9LTLRJN2dicRdD+EuqpwX3vODcn+VLN/OAsugAHaJj5KILVEJ3qIwqiKBn9Ire0Lv1Yn1YI+tz1pqx5jP76Bes8RenvqX1</latexit>R>0 = {x À R : x > 0}



Lattices

‣ Lattices are posets where the meet ⋀ and the join ⋁ always exist. 

‣



Lattices

‣ Lattices are posets where the meet ⋀ and the join ⋁ always exist.

<latexit sha1_base64="0U5RzzgnwMlnQjHon7Jt1USm9WA=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv33PtRGxusNJwv2IDpUIBaNopQbtlytu1Z2D/CVeTiqQo94vf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7olJxYZUDCWNtRSObqz4uMRsZMosBuRhRHZtmbif96BsXDUjaGV34mVJIiV2wRHaaSYExmPZCB0JyhnFhCmRb2e8JGVFOGtq2SrcVbLuEvaZ1VvYuq2ziv1K7zgopwBMdwCh5cQg1uoQ5NYMDhCZ7hxXl0Xp03532xWnDym0P4BefjG5BAlJQ=</latexit>a

<latexit sha1_base64="zoXW9845zJwcF1vKJmpGf/ao88w=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmVkxrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJAIro3rfjqFldW19Y3iZmlre2d3r7x/0NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt+9RaR7LOzNJ0I/oUPKQM2qs1Aj65Ypbdecgf4mXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5o9OyYlVBiSMlR1pyFz9eZHRSOtJFNjNiJqRXvZm4r+eNvxhKduEV37GZZIalGwRHaaCmJjMeiADrpAZMbGEMsXt94SNqKLM2LZKthZvuYS/pHVW9S6qbuO8UrvOCyrCERzDKXhwCTW4hTo0gQHCEzzDi/PovDpvzvtiteDkN4fwC87HN5HWlJU=</latexit>

b

<latexit sha1_base64="884ITfqkBNvNQxk2q9RNgu8iRQo=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNlJbzJkdnaZ6Q2GJSf/wKv+gDfx6pd490OcJHvQxIKGoqqbaipIpDDoul/Oyura+sZmYau4vbO7t186OGyYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGN5O/eYItBGxesBxAn7E+kqEgjO0UovRzgiABt1S2a24M9Bl4uWkTHLUuqXvTi/maQQKuWTGtD03QT9jGgWXMCl2UgMJ40PWh7alikVg/Gz274SeWqVHw1jbUUhn6u+LjEXGjKPAbkYMB2bRm4r/egbF40I2htd+JlSSIig+jw5TSTGm0zpoT2jgKMeWMK6F/Z7yAdOMoy2taGvxFktYJo3zindZce8vytWbvKACOSYn5Ix45IpUyR2pkTrhRJJn8kJenSfnzXl3PuarK05+c0T+wPn8ASrnlxg=</latexit>

a ‚ b

<latexit sha1_base64="MPglxXuZb70t89biY059pAn5++A=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOTJcxOOsmQ2dllZlYNS47+gVf9AW/i1Q/x7oc4SfagiQUNRVU31VQQC66N6345uaXlldW1/HphY3Nre6e4u1fXUaIY1lgkItUMqEbBJdYMNwKbsUIaBgIbwfBq4jfuUWkeyVszitEPaV/yHmfUWOmOkvYDdvtIgk6x5JbdKcgi8TJSggzVTvG73Y1YEqI0TFCtW54bGz+lynAmcFxoJxpjyoa0jy1LJQ1R++n04zE5skqX9CJlRxoyVX9fpDTUehQGdjOkZqDnvYn4r6cNf5zLNr0LP+UyTgxKNovuJYKYiEwKIV2ukBkxsoQyxe33hA2ooszY2gq2Fm++hEVSPyl7Z2X35rRUucwKysMBHMIxeHAOFbiGKtSAgYRneIFX58l5c96dj9lqzslu9uEPnM8fvsOX+A==</latexit>

a · b

<latexit sha1_base64="pdJCen85JV0eM0Xll/1z5q/2bW4=">AAACJnicbVDLSgMxFM3UV62vUZdugkWoCGVGFF0W3bisYB/QKSWTudOGZh4mmWop/Qj/wj9wqz/gTsSdCz/ETDugth4IHM45l3tz3JgzqSzrw8gtLC4tr+RXC2vrG5tb5vZOXUaJoFCjEY9E0yUSOAuhppji0IwFkMDl0HD7l6nfGICQLApv1DCGdkC6IfMZJUpLHfOoRLBzB14XsHuIHexwuHUwJj80DQwgtTtm0SpbE+B5YmekiDJUO+aX40U0CSBUlBMpW7YVq/aICMUoh3HBSSTEhPZJF1qahiQA2R5NPjXGB1rxsB8J/UKFJ+rviREJpBwGrk4GRPXkrJeK/3pSsfuZ3co/b49YGCcKQjpd7SccqwinnWGPCaCKDzUhVDB9PaY9IghVutmCrsWeLWGe1I/L9mnZuj4pVi6ygvJoD+2jErLRGaqgK1RFNUTRA3pCz+jFeDRejTfjfRrNGdnMLvoD4/MbyHeiwQ==</latexit>(a · b) f a f (a ‚ b)



Lattices

‣ Lattices are posets where the meet ⋀ and the join ⋁ always exist. 

‣ Example: Consider a poset Propositions where:  
- the elements are propositions (equivalence classes of propositions) 
- the partial order is given by   

- This is a lattice with the logical operations ⋀ and ⋁ .

<latexit sha1_base64="EWkNy4ue7eyopDH0lh9JbIM3waY=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNlJbzJkdnadmRXDkpN/4FV/wJt49Uu8+yFOkj1oYkFDUdVNNRUkgmvjul/O0vLK6tp6YaO4ubW9s1va22/oOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg98ZsPqDSP5Z0ZJehHtC95yBk1VmpR0hF4T4JuqexW3CnIIvFyUoYctW7pu9OLWRqhNExQrduemxg/o8pwJnBc7KQaE8qGtI9tSyWNUPvZ9N8xObZKj4SxsiMNmaq/LzIaaT2KArsZUTPQ895E/NfThj/OZZvw0s+4TFKDks2iw1QQE5NJHaTHFTIjRpZQprj9nrABVZQZW1rR1uLNl7BIGqcV77zi3p6Vq1d5QQU4hCM4AQ8uoAo3UIM6MBDwDC/w6jw5b8678zFbXXLymwP4A+fzBy4Dlxo=</latexit>

a f b
<latexit sha1_base64="/Op2lwkLBH0HqmkOD0kKzIF+UAI=">AAACCnicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsQ9oh5JJM21oJhmSO2oZ+gf+gVv9AXfi1p9w74eYtrPQ6oELh3Pu5VxOmAhuwPM+ncLS8srqWnG9tLG5tV12d3abRqWasgZVQul2SAwTXLIGcBCsnWhG4lCwVji6nPqtO6YNV/IWxgkLYjKQPOKUgJV6bpng7g0fDIFore5x2HMrXtWbAf8lfk4qKEe95351+4qmMZNABTGm43sJBBnRwKlgk1I3NSwhdEQGrGOpJDEzQTZ7fIIPrdLHkdJ2JOCZ+vMiI7Ex4zi0mzGBoVn0puK/ngH+sJAN0XmQcZmkwCSdR0epwKDwtBfc55pREGNLCNXcfo/pkGhCwbZXsrX4iyX8Jc3jqn9a9a5PKrWLvKAi2kcH6Aj56AzV0BWqowaiKEVP6Bm9OI/Oq/PmvM9XC05+s4d+wfn4BmJYmng=</latexit>

a Ÿ b

<latexit sha1_base64="MV3BypptAh8wfyl0GDhz2Z+lrOw=">AAACJXicbVDJSgNBEO2JW4xb1KOXxiAkHsKMKHoMePEYxSyQDKGnU0ma9Cx01xjDkH/wL/wDr/oD3kTw5MUPsbMcTOKDgsd7VVTV8yIpNNr2l5VaWV1b30hvZra2d3b3svsHVR3GikOFhzJUdY9pkCKACgqUUI8UMN+TUPP612O/9gBKizC4x2EErs+6gegIztBIrexpntHmnej2kCkVDqhXoM0BtLtA896cwQutbM4u2hPQZeLMSI7MUG5lf5rtkMc+BMgl07rh2BG6CVMouIRRphlriBjvsy40DA2YD9pNJj+N6IlR2rQTKlMB0on6dyJhvtZD3zOdPsOeXvTG4r+eRvG4sBs7V24igihGCPh0dSeWFEM6joy2hQKOcmgI40qY6ynvMcU4mmAzJhZnMYRlUj0rOhdF+/Y8VyrNAkqTI3JM8sQhl6REbkiZVAgnT+SFvJI369l6tz6sz2lryprNHJI5WN+/UE+kWA==</latexit>(a Ÿ b) · (b Ÿ c)
<latexit sha1_base64="j1H334kaHCc7zI4eFyJvIXyS0Kw=">AAACCnicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii4LblxWsQ9oh5JJM21oJhmSO2oZ+gf+gVv9AXfi1p9w74eYtrPQ1gMXDufcy7mcMBHcgOd9OYWV1bX1jeJmaWt7Z7fs7u03jUo1ZQ2qhNLtkBgmuGQN4CBYO9GMxKFgrXB0NfVb90wbruQdjBMWxGQgecQpASv13DLB3Vs+GALRWj1g2nMrXtWbAS8TPycVlKPec7+7fUXTmEmgghjT8b0Egoxo4FSwSambGpYQOiID1rFUkpiZIJs9PsHHVunjSGk7EvBM/X2RkdiYcRzazZjA0Cx6U/FfzwB/XMiG6DLIuExSYJLOo6NUYFB42gvuc80oiLElhGpuv8d0SDShYNsr2Vr8xRKWSfO06p9XvZuzSq2WF1REh+gInSAfXaAaukZ11EAUpegZvaBX58l5c96dj/lqwclvDtAfOJ8/Y1Sadw==</latexit>a Ÿ c

<latexit sha1_base64="Vji95aVjw4+0aE7Xxqz9VL3bsTo=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLgxmUF2wptKJPppB06yYSZG7GE4h+41R9wJ279Fvd+iJM2C209cOFwzr2cywkSKQy67pdTWlldW98ob1a2tnd296r7B22jUs14iymp9H1ADZci5i0UKPl9ojmNAsk7wfg69zsPXBuh4jucJNyP6DAWoWAUc6mHKulXa27dnYEsE68gNSjQ7Fe/ewPF0ojHyCQ1puu5CfoZ1SiY5NNKLzU8oWxMh7xraUwjbvxs9uuUnFhlQEKl7cRIZurvi4xGxkyiwG5GFEdm0cvFfz2D4nEhG8MrPxNxkiKP2Tw6TCVBRfIqyEBozlBOLKFMC/s9YSOqKUNbWMXW4i2WsEzaZ3Xvou7entcajaKgMhzBMZyCB5fQgBtoQgsYjOAZXuDVeXLenHfnY75acoqbQ/gD5/MHEtqV/g==</latexit>Ò
<latexit sha1_base64="hKyQit/AvMAIFGvQ5j7N8UwqbfQ=">AAACCnicbVDLSgNBEJyNrxgfWfXoZTAInsKuKHoMePEYxTwgWULvZDYZMvtgplcNS/7AP/CqP+BNvPoT3v0QJ8keNLGgoajqppryEyk0Os6XVVhZXVvfKG6WtrZ3dsv23n5Tx6livMFiGau2D5pLEfEGCpS8nSgOoS95yx9dTf3WPVdaxNEdjhPuhTCIRCAYoJF6dhlo91YMhghKxQ8UenbFqToz0GXi5qRCctR79ne3H7M05BEyCVp3XCdBLwOFgkk+KXVTzRNgIxjwjqERhFx72ezxCT02Sp8GsTITIZ2pvy8yCLUeh77ZDAGHetGbiv96GsXjQjYGl14moiRFHrF5dJBKijGd9kL7QnGGcmwIMCXM95QNQQFD017J1OIulrBMmqdV97zq3JxVarW8oCI5JEfkhLjkgtTINamTBmEkJc/khbxaT9ab9W59zFcLVn5zQP7A+vwBYCiadQ==</latexit>a Ÿ a

<latexit sha1_base64="duAYVsn8xiz4MGoX4NiaV+5jxlQ=">AAACDnicbVC7SgNBFJ2NrxhfqyltBoNgFXZF0TJgY2ERwTwgCWF2MpsMmZ1ZZu6qy5J/8A9s9QfsxNZfsPdDnCRbaOKBC4dz7uVcThALbsDzvpzCyura+kZxs7S1vbO75+4fNI1KNGUNqoTS7YAYJrhkDeAgWDvWjESBYK1gfDX1W/dMG67kHaQx60VkKHnIKQEr9d0ywd0bFoLmwxEQrdUDDvpuxat6M+Bl4uekgnLU++53d6BoEjEJVBBjOr4XQy8jGjgVbFLqJobFhI7JkHUslSRippfNnp/gY6sMcKi0HQl4pv6+yEhkTBoFdjMiMDKL3lT81zPAHxeyIbzsZVzGCTBJ59FhIjAoPO0GD7hmFERqCaGa2+8xHRFNKNgGS7YWf7GEZdI8rfrnVe/2rFKr5QUV0SE6QifIRxeohq5RHTUQRSl6Ri/o1Xly3px352O+WnDymzL6A+fzB7VZnEk=</latexit>a € b
<latexit sha1_base64="lOl2DMvb6rgnGCKiYsWcJbl55ns=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBDcJJEuYncwmQ2Znl5leMYSAf+BVf8CbePVXvPshTpI9aGJBQ1HVTTUVplIYdN0vp7Cyura+UdwsbW3v7O6V9w8aJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4M/WbD1wbkah7HKU8iGlfiUgwilbyKbkmYbdccavuDGSZeDmpQI56t/zd6SUsi7lCJqkxbc9NMRhTjYJJPil1MsNTyoa0z9uWKhpzE4xnz07IiVV6JEq0HYVkpv6+GNPYmFEc2s2Y4sAselPxX8+geFzIxugqGAuVZsgVm0dHmSSYkGkXpCc0ZyhHllCmhf2esAHVlKFtrGRr8RZLWCaNs6p3UXXvziu1Wl5QEY7gGE7Bg0uowS3UwQcGAp7hBV6dJ+fNeXc+5qsFJ785hD9wPn8Ah9CVmQ==</latexit>a = b

<latexit sha1_base64="0U5RzzgnwMlnQjHon7Jt1USm9WA=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv33PtRGxusNJwv2IDpUIBaNopQbtlytu1Z2D/CVeTiqQo94vf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7olJxYZUDCWNtRSObqz4uMRsZMosBuRhRHZtmbif96BsXDUjaGV34mVJIiV2wRHaaSYExmPZCB0JyhnFhCmRb2e8JGVFOGtq2SrcVbLuEvaZ1VvYuq2ziv1K7zgopwBMdwCh5cQg1uoQ5NYMDhCZ7hxXl0Xp03532xWnDym0P4BefjG5BAlJQ=</latexit>a <latexit sha1_base64="zoXW9845zJwcF1vKJmpGf/ao88w=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmVkxrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJAIro3rfjqFldW19Y3iZmlre2d3r7x/0NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt+9RaR7LOzNJ0I/oUPKQM2qs1Aj65Ypbdecgf4mXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5o9OyYlVBiSMlR1pyFz9eZHRSOtJFNjNiJqRXvZm4r+eNvxhKduEV37GZZIalGwRHaaCmJjMeiADrpAZMbGEMsXt94SNqKLM2LZKthZvuYS/pHVW9S6qbuO8UrvOCyrCERzDKXhwCTW4hTo0gQHCEzzDi/PovDpvzvtiteDkN4fwC87HN5HWlJU=</latexit>

b

<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit> Ÿ<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit>

Ÿ

<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit> Ÿ <latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit>

Ÿ

<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit> Ÿ
<latexit sha1_base64="Vji95aVjw4+0aE7Xxqz9VL3bsTo=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLgxmUF2wptKJPppB06yYSZG7GE4h+41R9wJ279Fvd+iJM2C209cOFwzr2cywkSKQy67pdTWlldW98ob1a2tnd296r7B22jUs14iymp9H1ADZci5i0UKPl9ojmNAsk7wfg69zsPXBuh4jucJNyP6DAWoWAUc6mHKulXa27dnYEsE68gNSjQ7Fe/ewPF0ojHyCQ1puu5CfoZ1SiY5NNKLzU8oWxMh7xraUwjbvxs9uuUnFhlQEKl7cRIZurvi4xGxkyiwG5GFEdm0cvFfz2D4nEhG8MrPxNxkiKP2Tw6TCVBRfIqyEBozlBOLKFMC/s9YSOqKUNbWMXW4i2WsEzaZ3Xvou7entcajaKgMhzBMZyCB5fQgBtoQgsYjOAZXuDVeXLenHfnY75acoqbQ/gD5/MHEtqV/g==</latexit>Ò

<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit>

Ÿ

<latexit sha1_base64="/fOghGYW3zz59QGe2lVBD5Kd0u4=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLgxmUF2wptKJPppB06yYSZG7GE4h+41R9wJ279Fvd+iJM2C209cOFwzr2cywkSKQy67pdTWlldW98ob1a2tnd296r7B22jUs14iymp9H1ADZci5i0UKPl9ojmNAsk7wfg69zsPXBuh4jucJNyP6DAWoWAUc6kXKOxXa27dnYEsE68gNSjQ7Fe/ewPF0ojHyCQ1puu5CfoZ1SiY5NNKLzU8oWxMh7xraUwjbvxs9uuUnFhlQEKl7cRIZurvi4xGxkyiwG5GFEdm0cvFfz2D4nEhG8MrPxNxkiKP2Tw6TCVBRfIqyEBozlBOLKFMC/s9YSOqKUNbWMXW4i2WsEzaZ3Xvou7entcajaKgMhzBMZyCB5fQgBtoQgsYjOAZXuDVeXLenHfnY75acoqbQ/gD5/MH/HOV8A==</latexit>Ú

<latexit sha1_base64="v2BLPHsbznPWq5NGbCqj2FI13Cg=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOepMhs7PLzGwwLDn5B171B7yJV7/Eux/iJNmDJhY0FFXdVFNBIrg2rvvlFNbWNza3itulnd29/YPy4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd8ao9I8lg9mkqAf0YHkIWfUWKkdkO4YkbBeueJW3TnIKvFyUoEc9V75u9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/N8pObNKn4SxsiMNmau/LzIaaT2JArsZUTPUy95M/NfThj8uZZvwxs+4TFKDki2iw1QQE5NZHaTPFTIjJpZQprj9nrAhVZQZW1rJ1uItl7BKmhdV76rq3l9WarW8oCKcwCmcgwfXUIM7qEMDGAh4hhd4dZ6cN+fd+VisFpz85hj+wPn8AS2Alxg=</latexit>b ‚ c

<latexit sha1_base64="xxmFDM/kFUvk3F2PVBqa303DGqU=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeWCyhNnZ3mTI7Owy06uGkKN/4FV/wJt49UO8+yFOkj1oYkFDUdVNNRWkUhh03S9naXlldW29sFHc3Nre2S3t7TdMkmkOdZ7IRLcCZkAKBXUUKKGVamBxIKEZDK4mfvMetBGJusVhCn7MekpEgjO00l1AOw8Q9oDybqnsVtwp6CLxclImOWrd0ncnTHgWg0IumTFtz03RHzGNgksYFzuZgZTxAetB21LFYjD+aPrxmB5bJaRRou0opFP198WIxcYM48Buxgz7Zt6biP96BsXjXDZGl/5IqDRDUHwWHWWSYkInhdBQaOAoh5YwroX9nvI+04yjra1oa/HmS1gkjdOKd15xb87K1WpeUIEckiNyQjxyQarkmtRInXCiyDN5Ia/Ok/PmvDsfs9UlJ785IH/gfP4AwV6X+A==</latexit>b · c

<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit> Ÿ <latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit>

Ÿ

<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit> Ÿ<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit>

Ÿ

<latexit sha1_base64="mNWVhhLXW5Uz4CHE2ZaHkwtDPsU=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeWCyhNnZ3mTI7Owy06uGkKN/4FV/wJt49UO8+yFOkj1oYkFDUdVNNRWkUhh03S9naXlldW29sFHc3Nre2S3t7TdMkmkOdZ7IRLcCZkAKBXUUKKGVamBxIKEZDK4mfvMetBGJusVhCn7MekpEgjO00h2jnQcIe0CDbqnsVtwp6CLxclImOWrd0ncnTHgWg0IumTFtz03RHzGNgksYFzuZgZTxAetB21LFYjD+aPrxmB5bJaRRou0opFP198WIxcYM48Buxgz7Zt6biP96BsXjXDZGl/5IqDRDUHwWHWWSYkInhdBQaOAoh5YwroX9nvI+04yjra1oa/HmS1gkjdOKd15xb87K1WpeUIEckiNyQjxyQarkmtRInXCiyDN5Ia/Ok/PmvDsfs9UlJ785IH/gfP4AvimX9g==</latexit>a · b

<latexit sha1_base64="rfH8sonF3+PiaEPIeyJ/xALDir4=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOepMhs7PLzGwwLDn5B171B7yJV7/Eux/iJNmDJhY0FFXdVFNBIrg2rvvlFNbWNza3itulnd29/YPy4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd8ao9I8lg9mkqAf0YHkIWfUWKlNSXeMSIJeueJW3TnIKvFyUoEc9V75u9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/N8pObNKn4SxsiMNmau/LzIaaT2JArsZUTPUy95M/NfThj8uZZvwxs+4TFKDki2iw1QQE5NZHaTPFTIjJpZQprj9nrAhVZQZW1rJ1uItl7BKmhdV76rq3l9WarW8oCKcwCmcgwfXUIM7qEMDGAh4hhd4dZ6cN+fd+VisFpz85hj+wPn8ASpNlxY=</latexit>a ‚ b

<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit> Ÿ

<latexit sha1_base64="DVoCWthdye5a49OsTNIWufq5dJM=">AAACCnicbVDLSgNBEJyNrxgfWfXoZTAInsKuKHoMePEYwSRCsoTZSW8yZHZ2mekNhpA/8A+86g94E6/+hHc/xEmyB00saLqo6qabClMpDHrel1NYW9/Y3Cpul3Z29/bL7sFh0ySZ5tDgiUz0Q8gMSKGggQIlPKQaWBxKaIXDm5nfGoE2IlH3OE4hiFlfiUhwhlbqumVGOyMAGi4a77oVr+rNQVeJn5MKyVHvut+dXsKzGBRyyYxp+16KwYRpFFzCtNTJDKSMD1kf2pYqFoMJJvPHp/TUKj0aJdqWQjpXf29MWGzMOA7tZMxwYJa9mfivZ1A8Lt3G6DqYCJVmCIovTkeZpJjQWS60JzRwlGNLGNfCfk/5gGnG0aZXsrH4yyGskuZ51b+sencXlVotD6hIjskJOSM+uSI1ckvqpEE4ycgzeSGvzpPz5rw7H4vRgpPvHJE/cD5/AFCBmcw=</latexit>a ‚ b ‚ c

<latexit sha1_base64="15Kp/NMY9B/qBIv4Cs29fd2KjeU=">AAACDnicbZDLSsNAFIYn9VbrLdqlm8EiuCqJKLosuHFZwV6gDWUyOWmHTiZhZqKG0HfwDdzqC7gTt76Cex/EaRtBW3848PGfcziH3084U9pxPq3Syura+kZ5s7K1vbO7Z+8ftFWcSgotGvNYdn2igDMBLc00h24igUQ+h44/vpr2O3cgFYvFrc4S8CIyFCxklGhjDewqwf17CIaA/R+gA7vm1J2Z8DK4BdRQoebA/uoHMU0jEJpyolTPdRLt5URqRjlMKv1UQULomAyhZ1CQCJSXz56f4GPjBDiMpSmh8cz9vZGTSKks8s1kRPRILfam5r89pdnDwm0dXno5E0mqQdD56TDlWMd4mg0OmASqeWaAUMnM95iOiCRUmwQrJhZ3MYRlaJ/W3fO6c3NWazSKgMroEB2hE+SiC9RA16iJWoiiDD2hZ/RiPVqv1pv1Ph8tWcVOFf2R9fENhKybjA==</latexit>a · b · c

<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit> Ÿ <latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit>

Ÿ

<latexit sha1_base64="Oqu7VNBRv6zpnPqFTMaOG35cuJo=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGKeUCyhNnJbDJkdmeZ6VXDkqt/4FV/wJt49T+8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TeMSjXjdaak0q2AGi5FzOsoUPJWojmNAsmbwfBq4jfvuTZCxXc4Srgf0X4sQsEoWqnduRX9AVKt1UO3VHYr7hRkkXg5KUOOWrf03ekplkY8RiapMW3PTdDPqEbBJB8XO6nhCWVD2udtS2MaceNn05fH5NgqPRIqbSdGMlV/X2Q0MmYUBXYzojgw895E/NczKB7nsjG89DMRJynymM2iw1QSVGTSCOkJzRnKkSWUaWG/J2xANWVoeyvaWrz5EhZJ47TinVfcm7NytZoXVIBDOIIT8OACqnANNagDAwXP8AKvzpPz5rw7H7PVJSe/OYA/cD5/AKigmRo=</latexit> Ÿ

<latexit sha1_base64="hSHXRXDjq+zvXnN/iBJRkIRjIQQ=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv33PtRGxusNJwv2IDpUIBaNopQbrlytu1Z2D/CVeTiqQo94vf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7olJxYZUDCWNtRSObqz4uMRsZMosBuRhRHZtmbif96BsXDUjaGV34mVJIiV2wRHaaSYExmPZCB0JyhnFhCmRb2e8JGVFOGtq2SrcVbLuEvaZ1VvYuq2ziv1K7zgopwBMdwCh5cQg1uoQ5NYMDhCZ7hxXl0Xp03532xWnDym0P4BefjG5NslJY=</latexit>c



Powersets

‣ Lattices are posets where the meet ⋀ and the join ⋁ always exist. 

‣ Example: The power set  (set of all subsets) of a set S is a lattice with: 

-  
-  
-  
-  

-

<latexit sha1_base64="mVKEk9lgfEu/6RIglXqfVzpAkmI=">AAACB3icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoseAF48RzQOSNcxOZpMhsw9mesWw5AP8A6/6A97Eq5/h3Q9xstmDJhY0FFXddFFeLIVG2/6ylpZXVtfWCxvFza3tnd3S3n5TR4livMEiGam2RzWXIuQNFCh5O1acBp7kLW90NfVbD1xpEYV3OI65G9BBKHzBKBrpvhtQHGqm0vqkcnvSK5Xtqp2BLBInJ2XIUe+Vvrv9iCUBD5FJqnXHsWN0U6pQMMknxW6ieUzZiA54x9CQBly7aZZ6Qo6N0id+pMyESDL190VKA63HgWc2s5Tz3lT819MoHud+o3/ppiKME+Qhm732E0kwItNSSF8ozlCODaFMCZOesCFVlKGprmhqceZLWCTN06pzXrVvzsq1Wl5QAQ7hCCrgwAXU4Brq0AAGCp7hBV6tJ+vNerc+ZqtLVn5zAH9gff4ARlmZ7Q==</latexit>

P(S)
<latexit sha1_base64="ojMg4vwfZ3VS1Ek4ch4HR13byc8=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+4BOKZn0ThuaeZjcEcvQD/Av/AO3+gPuxK3u/RAz7Sy09ULg5Jxz702OF0uh0ba/rMLS8srqWnG9tLG5tb1T3t1r6ihRHBo8kpFqe0yDFCE0UKCEdqyABZ6Elje6yvTWPSgtovAWxzF0AzYIhS84Q0P1yhVGXQl31KPUpW4/QoNdSg2rE09DdvWMy67a06KLwMlBheRV75W/zSSeBBAil0zrjmPH2E2ZQsElTEpuoiFmfMQG0DEwZAHobjr9zIQeGaZP/UiZEyKdsr87UhZoPQ484wwYDvW8lpH/ahrFw9xu9C+6qQjjBCHks9V+IilGNMuK9oUCjnJsAONKmNdTPmSKcTSJlkwsznwIi6B5UnXOqvbNaaV2mQdUJAfkkBwTh5yTGrkmddIgnDySZ/JCXq0n6816tz5m1oKV9+yTP2V9/gAf8KEV</latexit>

a f b Å a ” b
<latexit sha1_base64="PQmbZXuX9uWoYqslndfHoTocYac=">AAACGXicbZDLSgMxFIYz9VbrbdSlIMEiuCozouiy6MZlBXuBtpRMetqGZjJjcqZYSne+hW/gVl/Anbh15d4HMW1noa0HAh//f05O8gexFAY978vJLC2vrK5l13Mbm1vbO+7uXsVEieZQ5pGMdC1gBqRQUEaBEmqxBhYGEqpB/3riVwegjYjUHQ5jaIasq0RHcIZWarmHjDYGADSgtEEb7Qjh3gK1Kk9iGrTcvFfwpkUXwU8hT9IqtdxvewlPQlDIJTOm7nsxNkdMo+ASxrlGYiBmvM+6ULeoWAimOZr+Y0yPrdKmnUjbo5BO1d8TIxYaMwwD2xky7Jl5byL+6xkUD3O7sXPZHAkVJwiKz1Z3EkkxopOYaFto4CiHFhjXwr6e8h7TjKMNM2dj8edDWITKacE/L3i3Z/niVRpQlhyQI3JCfHJBiuSGlEiZcPJInskLeXWenDfn3fmYtWacdGaf/Cnn8wfIWZ69</latexit>

a ‚ b Å a ‰ b
<latexit sha1_base64="byTZlV7SgvW/9Gao97zOHuA6kfs=">AAACG3icbZC7TsMwFIYdrqXcAowsFhUSU5UgEIwVLIxFoheprSrHPWmtOk6wT4Aq6spb8Aas8AJsiJWBnQfBvQzQciRLn/7/HB/7DxIpDHrel7OwuLS8sppby69vbG5tuzu7VROnmkOFxzLW9YAZkEJBBQVKqCcaWBRIqAX9y5FfuwNtRKxucJBAK2JdJULBGVqp7VJGm/fQ6QINKG3SZidGuLUw0jlLaNB2C17RGxedB38KBTKtctv9tpfwNAKFXDJjGr6XYCtjGgWXMMw3UwMJ433WhYZFxSIwrWz8kyE9tEqHhrG2RyEdq78nMhYZM4gC2xkx7JlZbyT+6xkUDzO7MTxvZUIlKYLik9VhKinGdBQU7QgNHOXAAuNa2NdT3mOacbRx5m0s/mwI81A9LvqnRe/6pFC6mAaUI/vkgBwRn5yRErkiZVIhnDySZ/JCXp0n5815dz4mrQvOdGaP/Cnn8wdObp+J</latexit>

a · b Å a „ b
<latexit sha1_base64="Og+QWJnWzgg9LGbRvh/JHQ/yevU=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch6MVjRPOAZAmzk0kyZHZnmekVw5KTf+BVf8CbePVLvPshTpI9aGJBQ1HVTTUVxFIYdN0vJ7e0vLK6ll8vbGxube8Ud/fqRiWa8RpTUulmQA2XIuI1FCh5M9achoHkjWB4PfEbD1wboaJ7HMXcD2k/Ej3BKFqp2UYVk0ty1ymW3LI7BVkkXkZKkKHaKX63u4olIY+QSWpMy3Nj9FOqUTDJx4V2YnhM2ZD2ecvSiIbc+On03zE5skqX9JS2EyGZqr8vUhoaMwoDuxlSHJh5byL+6xkUj3PZ2LvwUxHFCfKIzaJ7iSSoyKQO0hWaM5QjSyjTwn5P2IBqytCWVrC1ePMlLJL6Sdk7K7u3p6XKVVZQHg7gEI7Bg3OowA1UoQYMJDzDC7w6T86b8+58zFZzTnazD3/gfP4A+RWW+A==</latexit>

Ò = S
<latexit sha1_base64="6jRBYbT2dfcfy55dvddpGZ50bKw=">AAACC3icbVDLSgNBEJyNrxhfqx69DAbBU9gVRS9C0IvHCOYByRJmJ73JkJndZaY3GEI+wT/wqj/gTbz6Ed79ECePgyYWNBRV3VRTYSqFQc/7cnIrq2vrG/nNwtb2zu6eu39QM0mmOVR5IhPdCJkBKWKookAJjVQDU6GEeti/nfj1AWgjkvgBhykEinVjEQnO0Ept122FCdJr2gKV4tAAtt2iV/KmoMvEn5MimaPSdr9bnYRnCmLkkhnT9L0UgxHTKLiEcaGVGUgZ77MuNC2NmQITjKafj+mJVTo0SrSdGOlU/X0xYsqYoQrtpmLYM4veRPzXMygeF7IxugpGIk4zhJjPoqNMUkzopBjaERo4yqEljGthv6e8xzTjaOsr2Fr8xRKWSe2s5F+UvPvzYvlmXlCeHJFjckp8cknK5I5USJVwMiDP5IW8Ok/Om/PufMxWc8785pD8gfP5AziGmu8=</latexit>

Ú = Á

<latexit sha1_base64="0U5RzzgnwMlnQjHon7Jt1USm9WA=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv33PtRGxusNJwv2IDpUIBaNopQbtlytu1Z2D/CVeTiqQo94vf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7olJxYZUDCWNtRSObqz4uMRsZMosBuRhRHZtmbif96BsXDUjaGV34mVJIiV2wRHaaSYExmPZCB0JyhnFhCmRb2e8JGVFOGtq2SrcVbLuEvaZ1VvYuq2ziv1K7zgopwBMdwCh5cQg1uoQ5NYMDhCZ7hxXl0Xp03532xWnDym0P4BefjG5BAlJQ=</latexit>a <latexit sha1_base64="zoXW9845zJwcF1vKJmpGf/ao88w=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmVkxrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJAIro3rfjqFldW19Y3iZmlre2d3r7x/0NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt+9RaR7LOzNJ0I/oUPKQM2qs1Aj65Ypbdecgf4mXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5o9OyYlVBiSMlR1pyFz9eZHRSOtJFNjNiJqRXvZm4r+eNvxhKduEV37GZZIalGwRHaaCmJjMeiADrpAZMbGEMsXt94SNqKLM2LZKthZvuYS/pHVW9S6qbuO8UrvOCyrCERzDKXhwCTW4hTo0gQHCEzzDi/PovDpvzvtiteDkN4fwC87HN5HWlJU=</latexit>

b <latexit sha1_base64="hSHXRXDjq+zvXnN/iBJRkIRjIQQ=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv33PtRGxusNJwv2IDpUIBaNopQbrlytu1Z2D/CVeTiqQo94vf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7olJxYZUDCWNtRSObqz4uMRsZMosBuRhRHZtmbif96BsXDUjaGV34mVJIiV2wRHaaSYExmPZCB0JyhnFhCmRb2e8JGVFOGtq2SrcVbLuEvaZ1VvYuq2ziv1K7zgopwBMdwCh5cQg1uoQ5NYMDhCZ7hxXl0Xp03532xWnDym0P4BefjG5NslJY=</latexit>c

<latexit sha1_base64="AZds9RU22KI9G0BzBJy+gPBYkHo=">AAAB+nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hyiOBDZkdemHC7OxmZtZIkC/wqj/gzXj1Z7z7IQ6wBwUr6aRS1Z3qVJAIro3rfjm5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GbqNx9QaR7LezNK0I9oX/KQM2qsVLvrFktu2Z2BLBMvIyXIUO0Wvzu9mKURSsME1brtuYnxx1QZzgROCp1UY0LZkPaxbamkEWp/PHt0Qk6s0iNhrOxIQ2bq74sxjbQeRYHdjKgZ6EVvKv7racMfF7JNeOWPuUxSg5LNo8NUEBOTaQ+kxxUyI0aWUKa4/Z6wAVWUGdtWwdbiLZawTBpnZe+i7NbOS5XrrKA8HMExnIIHl1CBW6hCHRggPMMLvDpPzpvz7nzMV3NOdnMIf+B8/gB6DJSG</latexit>

S

<latexit sha1_base64="ueefwwKAsOM/ZIOgCOHxIGLQy2s=">AAACAnicbVDLSgNBEJyNrxhfUY9eFoPgKeyKosegF48RzEOSJcxOepMhM7PLTK+4hNz8A6/6A97Eqz/i3Q9xkuxBowUNRVU31VSYCG7Q8z6dwtLyyupacb20sbm1vVPe3WuaONUMGiwWsW6H1IDgChrIUUA70UBlKKAVjq6mfusetOGxusUsgUDSgeIRZxStdNcFmWBmAHvlilf1ZnD/Ej8nFZKj3it/dfsxSyUoZIIa0/G9BIMx1ciZgEmpmxpIKBvRAXQsVVSCCcazhyfukVX6bhRrOwrdmfrzYkylMZkM7aakODSL3lT81zPIHxayMboIxlwlKYJi8+goFS7G7rQPt881MBSZJZRpbr932ZBqytC2VrK1+Isl/CXNk6p/VvVuTiu1y7ygIjkgh+SY+OSc1Mg1qZMGYUSSJ/JMXpxH59V5c97nqwUnv9knv+B8fANEnJha</latexit>

Á

<latexit sha1_base64="7ZZ8AJnD3sPdYK6uckYW2QttEvI=">AAACCnicbVDLSgNBEOyNrxgfWfXoZTAInsKuKHoMePEYwTwgWcLsZJIMmZ1dZnrFsOQP/AOv+gPexKs/4d0PcZLsQRMLmi6quummwkQKg5735RTW1jc2t4rbpZ3dvf2ye3DYNHGqGW+wWMa6HVLDpVC8gQIlbyea0yiUvBWOb2Z+64FrI2J1j5OEBxEdKjEQjKKVem6Zki5LExIuGuu5Fa/qzUFWiZ+TCuSo99zvbj9macQVMkmN6fhegkFGNQom+bTUTQ1PKBvTIe9YqmjETZDNH5+SU6v0ySDWthSSufp7I6ORMZMotJMRxZFZ9mbiv55B8bh0GwfXQSZUkiJXbHF6kEqCMZnlQvpCc4ZyYgllWtjvCRtRTRna9Eo2Fn85hFXSPK/6l1Xv7qJSq+UBFeEYTuAMfLiCGtxCHRrAIIVneIFX58l5c96dj8Vowcl3juAPnM8fag2Z3A==</latexit>a ‰ b ‰ c

<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit> ”
<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit> ”

<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit> ” <latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit> ”

<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit> ”

<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit> ”
<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit>

”

<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit>

”
<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit>

”<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit> ”

<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit>

”

<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit>

”

<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit> ”

<latexit sha1_base64="ypEwp0W4j5VJW22aBucJWbZIW9Y=">AAACAnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeUiyhNlJbzJkdnad6RXDkpt/4FV/wJt49Ue8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00l3HpIEBhPtuqexW3CnoIvFyUiY5at3Sd6cX8zQChVwyY9qem6CfMY2CSxgXO6mBhPEh60PbUsUiMH42fXhMj63So2Gs7SikU/X3RcYiY0ZRYDcjhgMz703Efz2D4nEuG8NLPxMqSREUn0WHqaQY00kftCc0cJQjSxjXwn5P+YBpxtG2VrS1ePMlLJLGacU7r7g3Z+VqNS+oQA7JETkhHrkgVXJNaqROOInIM3khr86T8+a8Ox+z1SUnvzkgf+B8/gAsRphJ</latexit>

”

<latexit sha1_base64="kfSzogtJdt9pzIa9qnVmIRxsnKU=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmAckS5idzCZDZmeXmV4xLDn5B171B7yJV7/Eux/iJNmDJhY0FFXdVFNBIoVB1/1yCmvrG5tbxe3Szu7e/kH58Khl4lQz3mSxjHUnoIZLoXgTBUreSTSnUSB5OxjfzPz2A9dGxOoeJwn3IzpUIhSMopU6lPRYmpCgX664VXcOskq8nFQgR6Nf/u4NYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzfKTmzyoCEsbajkMzV3xcZjYyZRIHdjCiOzLI3E//1DIrHpWwMr/1MqCRFrtgiOkwlwZjM6iADoTlDObGEMi3s94SNqKYMbWklW4u3XMIqaV1UvVrVvbus1Ot5QUU4gVM4Bw+uoA630IAmMJDwDC/w6jw5b86787FYLTj5zTH8gfP5Azb3lx4=</latexit>a ‰ b

<latexit sha1_base64="SMkQqW5FCgiRIwSjztATiAX9F5o=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGCeUCyhN7JJBky+2CmVwxLTv6BV/0Bb+LVL/HuhzhJ9qCJBQ1FVTfVVJAoach1v5yV1bX1jc3CVnF7Z3dvv3Rw2DBxqrmo81jFuhWgEUpGok6SlGglWmAYKNEMRjdTv/kgtJFxdE/jRPghDiLZlxzJSi1kHY4JC7qlsltxZ2DLxMtJGXLUuqXvTi/maSgi4gqNaXtuQn6GmiRXYlLspEYkyEc4EG1LIwyF8bPZvxN2apUe68faTkRspv6+yDA0ZhwGdjNEGppFbyr+6xmSjwvZ1L/2MxklKYmIz6P7qWIUs2kdrCe14KTGliDX0n7P+BA1crKlFW0t3mIJy6RxXvEuK+7dRblazQsqwDGcwBl4cAVVuIUa1IGDgmd4gVfnyXlz3p2P+eqKk98cwR84nz8XA5cK</latexit>a „ b
<latexit sha1_base64="9TfN0aijDqzOS8G22hVcrhj9nm0=">AAACCnicbVDLSgNBEOyNrxgfWfXoZTAInsKuKHoMePEYwTwgWULvZJIMmZ1dZmbFsOQP/AOv+gPexKs/4d0PcZLsQRMLmi6quummwkRwbTzvyymsrW9sbhW3Szu7e/tl9+CwqeNUUdagsYhVO0TNBJesYbgRrJ0ohlEoWCsc38z81gNTmsfy3kwSFkQ4lHzAKRor9dwyki7FhISLRntuxat6c5BV4uekAjnqPfe7249pGjFpqECtO76XmCBDZTgVbFrqppolSMc4ZB1LJUZMB9n88Sk5tUqfDGJlSxoyV39vZBhpPYlCOxmhGellbyb+62nDH5dum8F1kHGZpIZJujg9SAUxMZnlQvpcMWrExBKkitvvCR2hQmpseiUbi78cwippnlf9y6p3d1Gp1fKAinAMJ3AGPlxBDW6hDg2gkMIzvMCr8+S8Oe/Ox2K04OQ7R/AHzucPKZmZtA==</latexit>a „ b „ c

<latexit sha1_base64="bpgb9Ou//3MkLJqmcW7NmSkNWS0=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmAckS5idzCZDZmeXmV4xLDn5B171B7yJV7/Eux/iJNmDJhY0FFXdVFNBIoVB1/1yCmvrG5tbxe3Szu7e/kH58Khl4lQz3mSxjHUnoIZLoXgTBUreSTSnUSB5OxjfzPz2A9dGxOoeJwn3IzpUIhSMopU6AekxmhDWL1fcqjsHWSVeTiqQo9Evf/cGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7vlJxZZUDCWNtRSObq74uMRsZMosBuRhRHZtmbif96BsXjUjaG134mVJIiV2wRHaaSYExmdZCB0JyhnFhCmRb2e8JGVFOGtrSSrcVbLmGVtC6qXq3q3l1W6vW8oCKcwCmcgwdXUIdbaEATGEh4hhd4dZ6cN+fd+VisFpz85hj+wPn8ARo2lww=</latexit>b „ c

<latexit sha1_base64="V8cgTmLKDPKWY2TkA86l8l4wR3Y=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmAckS5idzCZDZmeXmV4xLDn5B171B7yJV7/Eux/iJNmDJhY0FFXdVFNBIoVB1/1yCmvrG5tbxe3Szu7e/kH58Khl4lQz3mSxjHUnoIZLoXgTBUreSTSnUSB5OxjfzPz2A9dGxOoeJwn3IzpUIhSMopU6AemxNCGsX664VXcOskq8nFQgR6Nf/u4NYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzfKTmzyoCEsbajkMzV3xcZjYyZRIHdjCiOzLI3E//1DIrHpWwMr/1MqCRFrtgiOkwlwZjM6iADoTlDObGEMi3s94SNqKYMbWklW4u3XMIqaV1UvVrVvbus1Ot5QUU4gVM4Bw+uoA630IAmMJDwDC/w6jw5b86787FYLTj5zTH8gfP5AzoqlyA=</latexit>b ‰ c



In a lattice, meet and join are product and co-product

‣ If you see a lattice as a category: 
- the meet ∧ is the product in the category. 
- the join ∨ is the co-product in the category.

!

" " × # #

$ %$ × %

&" &#

<latexit sha1_base64="CcQP5QtGGWon4Ez5/05Fis8tR1A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEongqePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeghvSL9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHq1qnt/WanX8ziKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOe8I1a</latexit>

f :
<latexit sha1_base64="VqvzKeaxmgyzjEzc7i4xKd295kU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEongqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWehje9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2LqleruveXlXo9j6MIJ3AK5+DBFdThDhrQBAYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwBKb40x</latexit>g :

<latexit sha1_base64="x4rYmyMOU877nlLw5htdxeTxEDA=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseIF48JmAckS5id9CZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89j1oI2J1h5ME/IgNlQgFZ2ilxnW/XHGr7hz0L/FyUiE56v3yV28Q8zQChVwyY7qem6CfMY2CS5iWeqmBhPExG0LXUsUiMH42f3RKT6wyoGGs7Sikc/XnRcYiYyZRYDcjhiOz7M3Efz2D4mEpG8MrPxMqSREUX0SHqaQY01kPdCA0cJQTSxjXwn5P+YhpxtG2VbK1eMsl/CWts6p3UXUb55VaLS+oSI7IMTklHrkkNXJL6qRJOAHyRJ7Ji/PovDpvzvtiteDkN4fkF5yPb1zmlHI=</latexit>A

<latexit sha1_base64="DH8Xbu4GvXdgTVtZLljE2fHpjcc=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5id9CZDZmeXmVkxrPkCr/oD3sSrP+PdD3GS7EETCxqKqm6qqSARXBvX/XIKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+g0jyW92aSoB/RoeQhZ9RYqdHplytu1Z2DrBIvJxXIUe+Xv3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzR+dkjOrDEgYKzvSkLn6+yKjkdaTKLCbETUjvezNxH89bfjjUrYJb/yMyyQ1KNkiOkwFMTGZ9UAGXCEzYmIJZYrb7wkbUUWZsW2VbC3ecgmrpHVR9a6qbuOyUqvlBRXhBE7hHDy4hhrcQR2awADhGV7g1Xly3px352OxWnDym2P4A+fzB4FglIk=</latexit>X
<latexit sha1_base64="/apPd3JbWP1tiigxYNpM7qy/SPM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89j1oI2J1h5ME/IgNlQgFZ2ilxnW/XHGr7hz0L/FyUiE56v3yV28Q8zQChVwyY7qem6CfMY2CS5iWeqmBhPExG0LXUsUiMH42f3RKT6wyoGGs7Sikc/XnRcYiYyZRYDcjhiOz7M3Efz2D4mEpG8MrPxMqSREUX0SHqaQY01kPdCA0cJQTSxjXwn5P+YhpxtG2VbK1eMsl/CWts6p3UXUb55VaLS+oSI7IMTklHrkkNXJL6qRJOAHyRJ7Ji/PovDpvzvtiteDkN4fkF5yPb158lHM=</latexit>B

<latexit sha1_base64="c80/e8Yrl4EMVtc1rmR9rEIe7+s=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseoF48RzAOTJcxOOsmQ2dllZlYNS47+gVf9AW/i1Q/x7oc4Sfag0YKGoqqbaiqIBdfGdT+d3MLi0vJKfrWwtr6xuVXc3qnrKFEMaywSkWoGVKPgEmuGG4HNWCENA4GNYHg58Rt3qDSP5I0ZxeiHtC95jzNqrHR7Ttr32O0juegUS27ZnYL8JV5GSpCh2il+tbsRS0KUhgmqdctzY+OnVBnOBI4L7URjTNmQ9rFlqaQhaj+dfjwmB1bpkl6k7EhDpurPi5SGWo/CwG6G1Az0vDcR//W04Q9z2aZ35qdcxolByWbRvUQQE5FJIaTLFTIjRpZQprj9nrABVZQZW1vB1uLNl/CX1I/K3knZvT4uVSpZQXnYg304BA9OoQJXUIUaMJDwBM/w4jw6r86b8z5bzTnZzS78gvPxDVeJl7Y=</latexit>A · B
<latexit sha1_base64="B3faH1dWCamuRLQRBm+Ed+iq+YQ=">AAACBnicbVDLSgNBEOz1GeMr6tHLYBA8hV1RFE8BLx4jmAckS5idzCZDZmfXmV4xLLn7B171B7yJV3/Dux/iJNmDJhY0FFXdVFNBIoVB1/1ylpZXVtfWCxvFza3tnd3S3n7DxKlmvM5iGetWQA2XQvE6CpS8lWhOo0DyZjC8nvjNB66NiNUdjhLuR7SvRCgYRSv5IemgiLghfXJFuqWyW3GnIIvEy0kZctS6pe9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqqE3ys+nTY3JslR4JY21HIZmqvy8yGhkzigK7GVEcmHlvIv7rGRSPc9kYXvqZUEmKXLFZdJhKgjGZdEJ6QnOGcmQJZVrY7wkbUE0Z2uaKthZvvoRF0jiteOcV9/asXK3mBRXgEI7gBDy4gCrcQA3qwOAenuEFXp0n5815dz5mq0tOfnMAf+B8/gAtJZiu</latexit>f ù g :

<latexit sha1_base64="DH8Xbu4GvXdgTVtZLljE2fHpjcc=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5id9CZDZmeXmVkxrPkCr/oD3sSrP+PdD3GS7EETCxqKqm6qqSARXBvX/XIKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+g0jyW92aSoB/RoeQhZ9RYqdHplytu1Z2DrBIvJxXIUe+Xv3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzR+dkjOrDEgYKzvSkLn6+yKjkdaTKLCbETUjvezNxH89bfjjUrYJb/yMyyQ1KNkiOkwFMTGZ9UAGXCEzYmIJZYrb7wkbUUWZsW2VbC3ecgmrpHVR9a6qbuOyUqvlBRXhBE7hHDy4hhrcQR2awADhGV7g1Xly3px352OxWnDym2P4A+fzB4FglIk=</latexit>X

<latexit sha1_base64="DH8Xbu4GvXdgTVtZLljE2fHpjcc=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5id9CZDZmeXmVkxrPkCr/oD3sSrP+PdD3GS7EETCxqKqm6qqSARXBvX/XIKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+g0jyW92aSoB/RoeQhZ9RYqdHplytu1Z2DrBIvJxXIUe+Xv3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzR+dkjOrDEgYKzvSkLn6+yKjkdaTKLCbETUjvezNxH89bfjjUrYJb/yMyyQ1KNkiOkwFMTGZ9UAGXCEzYmIJZYrb7wkbUUWZsW2VbC3ecgmrpHVR9a6qbuOyUqvlBRXhBE7hHDy4hhrcQR2awADhGV7g1Xly3px352OxWnDym2P4A+fzB4FglIk=</latexit>X

<latexit sha1_base64="CcQP5QtGGWon4Ez5/05Fis8tR1A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEongqePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeghvSL9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHq1qnt/WanX8ziKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOe8I1a</latexit>

f :
<latexit sha1_base64="VqvzKeaxmgyzjEzc7i4xKd295kU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEongqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWehje9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2LqleruveXlXo9j6MIJ3AK5+DBFdThDhrQBAYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwBKb40x</latexit>g :

<latexit sha1_base64="x4rYmyMOU877nlLw5htdxeTxEDA=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseIF48JmAckS5id9CZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89j1oI2J1h5ME/IgNlQgFZ2ilxnW/XHGr7hz0L/FyUiE56v3yV28Q8zQChVwyY7qem6CfMY2CS5iWeqmBhPExG0LXUsUiMH42f3RKT6wyoGGs7Sikc/XnRcYiYyZRYDcjhiOz7M3Efz2D4mEpG8MrPxMqSREUX0SHqaQY01kPdCA0cJQTSxjXwn5P+YhpxtG2VbK1eMsl/CWts6p3UXUb55VaLS+oSI7IMTklHrkkNXJL6qRJOAHyRJ7Ji/PovDpvzvtiteDkN4fkF5yPb1zmlHI=</latexit>A <latexit sha1_base64="/apPd3JbWP1tiigxYNpM7qy/SPM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89j1oI2J1h5ME/IgNlQgFZ2ilxnW/XHGr7hz0L/FyUiE56v3yV28Q8zQChVwyY7qem6CfMY2CS5iWeqmBhPExG0LXUsUiMH42f3RKT6wyoGGs7Sikc/XnRcYiYyZRYDcjhiOz7M3Efz2D4mEpG8MrPxMqSREUX0SHqaQY01kPdCA0cJQTSxjXwn5P+YhpxtG2VbK1eMsl/CWts6p3UXUb55VaLS+oSI7IMTklHrkkNXJL6qRJOAHyRJ7Ji/PovDpvzvtiteDkN4fkF5yPb158lHM=</latexit>B
<latexit sha1_base64="cTrjNtilhvHiSeN95FdQHcze9NU=">AAAB+nicbVDLSgNBEOz1GeMr6tHLYhA8hV1R9Bjw4jEB84BkkdlJJxkyO7vM9IphzRd41R/wJl79Ge9+iJNkD5pY0FBUVdNNhYkUhjzvy1lZXVvf2CxsFbd3dvf2SweHTROnmmODxzLW7ZAZlEJhgwRJbCcaWRRKbIWjm6nfekBtRKzuaJxgELGBEn3BGVmpXrsvlb2KN4O7TPyclCGHzX93ezFPI1TEJTOm43sJBRnTJLjESbGbGkwYH7EBdixVLEITZLNHJ+6pVXpuP9Z2FLkz9fdGxiJjxlFokxGjoVn0puK/niHxuHCb+tdBJlSSEio+P91PpUuxO+3B7QmNnOTYEsa1sN+7fMg042TbKtpa/MUSlknzvOJfVrz6RblazQsqwDGcwBn4cAVVuIUaNIADwjO8wKvz5Lw5787HPLri5DtH8AfO5w90sJSB</latexit>P <latexit sha1_base64="cTrjNtilhvHiSeN95FdQHcze9NU=">AAAB+nicbVDLSgNBEOz1GeMr6tHLYhA8hV1R9Bjw4jEB84BkkdlJJxkyO7vM9IphzRd41R/wJl79Ge9+iJNkD5pY0FBUVdNNhYkUhjzvy1lZXVvf2CxsFbd3dvf2SweHTROnmmODxzLW7ZAZlEJhgwRJbCcaWRRKbIWjm6nfekBtRKzuaJxgELGBEn3BGVmpXrsvlb2KN4O7TPyclCGHzX93ezFPI1TEJTOm43sJBRnTJLjESbGbGkwYH7EBdixVLEITZLNHJ+6pVXpuP9Z2FLkz9fdGxiJjxlFokxGjoVn0puK/niHxuHCb+tdBJlSSEio+P91PpUuxO+3B7QmNnOTYEsa1sN+7fMg042TbKtpa/MUSlknzvOJfVrz6RblazQsqwDGcwBn4cAVVuIUaNIADwjO8wKvz5Lw5787HPLri5DtH8AfO5w90sJSB</latexit>P

<latexit sha1_base64="cTrjNtilhvHiSeN95FdQHcze9NU=">AAAB+nicbVDLSgNBEOz1GeMr6tHLYhA8hV1R9Bjw4jEB84BkkdlJJxkyO7vM9IphzRd41R/wJl79Ge9+iJNkD5pY0FBUVdNNhYkUhjzvy1lZXVvf2CxsFbd3dvf2SweHTROnmmODxzLW7ZAZlEJhgwRJbCcaWRRKbIWjm6nfekBtRKzuaJxgELGBEn3BGVmpXrsvlb2KN4O7TPyclCGHzX93ezFPI1TEJTOm43sJBRnTJLjESbGbGkwYH7EBdixVLEITZLNHJ+6pVXpuP9Z2FLkz9fdGxiJjxlFokxGjoVn0puK/niHxuHCb+tdBJlSSEio+P91PpUuxO+3B7QmNnOTYEsa1sN+7fMg042TbKtpa/MUSlknzvOJfVrz6RblazQsqwDGcwBn4cAVVuIUaNIADwjO8wKvz5Lw5787HPLri5DtH8AfO5w90sJSB</latexit>P
<latexit sha1_base64="fIA7aTKQ3sTLbn2xqpDI58hvNkQ=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBAEIeyKongKePEYwTwgWcLsZDYZMju7zPSKYcnJP/CqP+BNvPol3v0QJ8keNLGgoajqppoKEikMuu6Xs7S8srq2Xtgobm5t7+yW9vYbJk4143UWy1i3Amq4FIrXUaDkrURzGgWSN4PhzcRvPnBtRKzucZRwP6J9JULBKFqpFZJT0ifXpFsquxV3CrJIvJyUIUetW/ru9GKWRlwhk9SYtucm6GdUo2CSj4ud1PCEsiHt87alikbc+Nn03zE5tkqPhLG2o5BM1d8XGY2MGUWB3YwoDsy8NxH/9QyKx7lsDK/8TKgkRa7YLDpMJcGYTOogPaE5QzmyhDIt7PeEDaimDG1pRVuLN1/CImmcVbyLint3Xq5W84IKcAhHcAIeXEIVbqEGdWAg4Rle4NV5ct6cd+djtrrk5DcH8AfO5w+vvZYp</latexit>f + g :

<latexit sha1_base64="WubuZN4ievaALNcvTPabIS+wdHA=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoniKePEYwTwgWcLsZDYZMju7zPSKYcnJP/CqP+BNvPol3v0QJ8keNFrQUFR1U00FiRQGXffTKSwtr6yuFddLG5tb2zvl3b2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0PfVb91wbEas7HCfcj+hAiVAwilZqdxPRuyKXpFeuuFV3BvKXeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZvxNyZJU+CWNtRyGZqT8vMhoZM44CuxlRHJpFbyr+6xkUDwvZGF74mVBJilyxeXSYSoIxmdZB+kJzhnJsCWVa2O8JG1JNGdrSSrYWb7GEv6R5UvXOqu7taaVWywsqwgEcwjF4cA41uIE6NICBhCd4hhfn0Xl13pz3+WrByW/24Recj2+sJJbG</latexit>⇡A :
<latexit sha1_base64="c80/e8Yrl4EMVtc1rmR9rEIe7+s=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseoF48RzAOTJcxOOsmQ2dllZlYNS47+gVf9AW/i1Q/x7oc4Sfag0YKGoqqbaiqIBdfGdT+d3MLi0vJKfrWwtr6xuVXc3qnrKFEMaywSkWoGVKPgEmuGG4HNWCENA4GNYHg58Rt3qDSP5I0ZxeiHtC95jzNqrHR7Ttr32O0juegUS27ZnYL8JV5GSpCh2il+tbsRS0KUhgmqdctzY+OnVBnOBI4L7URjTNmQ9rFlqaQhaj+dfjwmB1bpkl6k7EhDpurPi5SGWo/CwG6G1Az0vDcR//W04Q9z2aZ35qdcxolByWbRvUQQE5FJIaTLFTIjRpZQprj9nrABVZQZW1vB1uLNl/CX1I/K3knZvT4uVSpZQXnYg304BA9OoQJXUIUaMJDwBM/w4jw6r86b8z5bzTnZzS78gvPxDVeJl7Y=</latexit>A · B

<latexit sha1_base64="x4rYmyMOU877nlLw5htdxeTxEDA=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseIF48JmAckS5id9CZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89j1oI2J1h5ME/IgNlQgFZ2ilxnW/XHGr7hz0L/FyUiE56v3yV28Q8zQChVwyY7qem6CfMY2CS5iWeqmBhPExG0LXUsUiMH42f3RKT6wyoGGs7Sikc/XnRcYiYyZRYDcjhiOz7M3Efz2D4mEpG8MrPxMqSREUX0SHqaQY01kPdCA0cJQTSxjXwn5P+YhpxtG2VbK1eMsl/CWts6p3UXUb55VaLS+oSI7IMTklHrkkNXJL6qRJOAHyRJ7Ji/PovDpvzvtiteDkN4fkF5yPb1zmlHI=</latexit>A <latexit sha1_base64="/apPd3JbWP1tiigxYNpM7qy/SPM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89j1oI2J1h5ME/IgNlQgFZ2ilxnW/XHGr7hz0L/FyUiE56v3yV28Q8zQChVwyY7qem6CfMY2CS5iWeqmBhPExG0LXUsUiMH42f3RKT6wyoGGs7Sikc/XnRcYiYyZRYDcjhiOz7M3Efz2D4mEpG8MrPxMqSREUX0SHqaQY01kPdCA0cJQTSxjXwn5P+YhpxtG2VbK1eMsl/CWts6p3UXUb55VaLS+oSI7IMTklHrkkNXJL6qRJOAHyRJ7Ji/PovDpvzvtiteDkN4fkF5yPb158lHM=</latexit>B
<latexit sha1_base64="IKscIG49MbuH6/vRBU9vR8Ho5lc=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKongKevEYwTwgWcLsZDYZMzu7zPSKYcnBP/CqP+BNvPop3v0QJ4+DJhY0FFXdVFNBIoVB1/1yckvLK6tr+fXCxubW9k5xd69u4lQzXmOxjHUzoIZLoXgNBUreTDSnUSB5Ixhcj/3GA9dGxOoOhwn3I9pTIhSMopXq7UR0ri47xZJbdicgi8SbkRLMUO0Uv9vdmKURV8gkNabluQn6GdUomOSjQjs1PKFsQHu8ZamiETd+Nvl2RI6s0iVhrO0oJBP190VGI2OGUWA3I4p9M++NxX89g+JxLhvDCz8TKkmRKzaNDlNJMCbjMkhXaM5QDi2hTAv7PWF9qilDW1nB1uLNl7BI6idl76zs3p6WKpVZQXk4gEM4Bg/OoQI3UIUaMLiHZ3iBV+fJeXPenY/pas6Z3ezDHzifP/oGlnM=</latexit>⇡B :

<latexit sha1_base64="c80/e8Yrl4EMVtc1rmR9rEIe7+s=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseoF48RzAOTJcxOOsmQ2dllZlYNS47+gVf9AW/i1Q/x7oc4Sfag0YKGoqqbaiqIBdfGdT+d3MLi0vJKfrWwtr6xuVXc3qnrKFEMaywSkWoGVKPgEmuGG4HNWCENA4GNYHg58Rt3qDSP5I0ZxeiHtC95jzNqrHR7Ttr32O0juegUS27ZnYL8JV5GSpCh2il+tbsRS0KUhgmqdctzY+OnVBnOBI4L7URjTNmQ9rFlqaQhaj+dfjwmB1bpkl6k7EhDpurPi5SGWo/CwG6G1Az0vDcR//W04Q9z2aZ35qdcxolByWbRvUQQE5FJIaTLFTIjRpZQprj9nrABVZQZW1vB1uLNl/CX1I/K3knZvT4uVSpZQXnYg304BA9OoQJXUIUaMJDwBM/w4jw6r86b8z5bzTnZzS78gvPxDVeJl7Y=</latexit>A · B
<latexit sha1_base64="x4rYmyMOU877nlLw5htdxeTxEDA=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseIF48JmAckS5id9CZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89j1oI2J1h5ME/IgNlQgFZ2ilxnW/XHGr7hz0L/FyUiE56v3yV28Q8zQChVwyY7qem6CfMY2CS5iWeqmBhPExG0LXUsUiMH42f3RKT6wyoGGs7Sikc/XnRcYiYyZRYDcjhiOz7M3Efz2D4mEpG8MrPxMqSREUX0SHqaQY01kPdCA0cJQTSxjXwn5P+YhpxtG2VbK1eMsl/CWts6p3UXUb55VaLS+oSI7IMTklHrkkNXJL6qRJOAHyRJ7Ji/PovDpvzvtiteDkN4fkF5yPb1zmlHI=</latexit>A <latexit sha1_base64="/apPd3JbWP1tiigxYNpM7qy/SPM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89j1oI2J1h5ME/IgNlQgFZ2ilxnW/XHGr7hz0L/FyUiE56v3yV28Q8zQChVwyY7qem6CfMY2CS5iWeqmBhPExG0LXUsUiMH42f3RKT6wyoGGs7Sikc/XnRcYiYyZRYDcjhiOz7M3Efz2D4mEpG8MrPxMqSREUX0SHqaQY01kPdCA0cJQTSxjXwn5P+YhpxtG2VbK1eMsl/CWts6p3UXUb55VaLS+oSI7IMTklHrkkNXJL6qRJOAHyRJ7Ji/PovDpvzvtiteDkN4fkF5yPb158lHM=</latexit>B

<latexit sha1_base64="sBVDYX1hZ/NfR3MTK0IE76UlzeY=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKongKevEYwTwgWcLsZDYZMju7zPSKIQT/wKv+gDfx6rd490OcTfag0YKGoqqbaipIpDDoup9OYWl5ZXWtuF7a2Nza3inv7jVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPrzG/dc21ErO5wnHA/ogMlQsEoZpLoXV32yhW36s5A/hIvJxXIUe+Vv7r9mKURV8gkNabjuQn6E6pRMMmnpW5qeELZiA54x1JFI278yezXKTmySp+EsbajkMzUnxcTGhkzjgK7GVEcmkUvE//1DIqHhWwML/yJUEmKXLF5dJhKgjHJqiB9oTlDObaEMi3s94QNqaYMbWElW4u3WMJf0jypemdV9/a0UqvlBRXhAA7hGDw4hxrcQB0awGAIT/AML86j8+q8Oe/z1YKT3+zDLzgf32jplZM=</latexit>iB :<latexit sha1_base64="Za8jAq+PHHWaX/GJ3ftHFbSuMiA=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoniKePEYwTwgWcLsZDYZMju7zPSKIQT/wKv+gDfx6rd490OcTfag0YKGoqqbaipIpDDoup9OYWl5ZXWtuF7a2Nza3inv7jVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPrzG/dc21ErO5wnHA/ogMlQsEoZpLoXV32yhW36s5A/hIvJxXIUe+Vv7r9mKURV8gkNabjuQn6E6pRMMmnpW5qeELZiA54x1JFI278yezXKTmySp+EsbajkMzUnxcTGhkzjgK7GVEcmkUvE//1DIqHhWwML/yJUEmKXLF5dJhKgjHJqiB9oTlDObaEMi3s94QNqaYMbWElW4u3WMJf0jypemdV9/a0UqvlBRXhAA7hGDw4hxrcQB0awGAIT/AML86j8+q8Oe/z1YKT3+zDLzgf32dSlZI=</latexit>iA :

<latexit sha1_base64="BK3ZI/9bll1vGKhNoPMNNc3nPY0=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseoF48RzAOSJcxOepMhs7PLzGwwhJz8A6/6A97Eq1/i3Q9xkuxBEwsaiqpuqqkgEVwb1/1yciura+sb+c3C1vbO7l5x/6Cu41QxrLFYxKoZUI2CS6wZbgQ2E4U0CgQ2gsHt1G8MUWkeywczStCPaE/ykDNqrNS8Ju0hIrnpFEtu2Z2BLBMvIyXIUO0Uv9vdmKURSsME1brluYnxx1QZzgROCu1UY0LZgPawZamkEWp/PPt3Qk6s0iVhrOxIQ2bq74sxjbQeRYHdjKjp60VvKv7racMfF7JNeOWPuUxSg5LNo8NUEBOTaR2kyxUyI0aWUKa4/Z6wPlWUGVtawdbiLZawTOpnZe+i7N6flyqVrKA8HMExnIIHl1CBO6hCDRgIeIYXeHWenDfn3fmYr+ac7OYQ/sD5/AHD3pbW</latexit>A ‚ B

<latexit sha1_base64="BK3ZI/9bll1vGKhNoPMNNc3nPY0=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseoF48RzAOSJcxOepMhs7PLzGwwhJz8A6/6A97Eq1/i3Q9xkuxBEwsaiqpuqqkgEVwb1/1yciura+sb+c3C1vbO7l5x/6Cu41QxrLFYxKoZUI2CS6wZbgQ2E4U0CgQ2gsHt1G8MUWkeywczStCPaE/ykDNqrNS8Ju0hIrnpFEtu2Z2BLBMvIyXIUO0Uv9vdmKURSsME1brluYnxx1QZzgROCu1UY0LZgPawZamkEWp/PPt3Qk6s0iVhrOxIQ2bq74sxjbQeRYHdjKjp60VvKv7racMfF7JNeOWPuUxSg5LNo8NUEBOTaR2kyxUyI0aWUKa4/Z6wPlWUGVtawdbiLZawTOpnZe+i7N6flyqVrKA8HMExnIIHl1CBO6hCDRgIeIYXeHWenDfn3fmYr+ac7OYQ/sD5/AHD3pbW</latexit>A ‚ B <latexit sha1_base64="BK3ZI/9bll1vGKhNoPMNNc3nPY0=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseoF48RzAOSJcxOepMhs7PLzGwwhJz8A6/6A97Eq1/i3Q9xkuxBEwsaiqpuqqkgEVwb1/1yciura+sb+c3C1vbO7l5x/6Cu41QxrLFYxKoZUI2CS6wZbgQ2E4U0CgQ2gsHt1G8MUWkeywczStCPaE/ykDNqrNS8Ju0hIrnpFEtu2Z2BLBMvIyXIUO0Uv9vdmKURSsME1brluYnxx1QZzgROCu1UY0LZgPawZamkEWp/PPt3Qk6s0iVhrOxIQ2bq74sxjbQeRYHdjKjp60VvKv7racMfF7JNeOWPuUxSg5LNo8NUEBOTaR2kyxUyI0aWUKa4/Z6wPlWUGVtawdbiLZawTOpnZe+i7N6flyqVrKA8HMExnIIHl1CBO6hCDRgIeIYXeHWenDfn3fmYr+ac7OYQ/sD5/AHD3pbW</latexit>A ‚ B



Upper/lower sets
‣ An upper set is a subset of a poset such that, if x is in the poset, all “higher” elements are. 
‣ A lower set is a subset of a poset such that, if x is in the poset, all “lower” elements are. 

 
 
 
 
 
 
 
 
 
 
 

‣ Let UP and LP be the sets of all upper/lower sets. These are posets choosing:

upper  set
lower  

set

<latexit sha1_base64="rKAppk9jfUQ5fewg6bCbEKk2SSI=">AAACEnicbVC7TsMwFL0pr1JeAQYGFosKialKEAjGSiyMRSItUhNVjuu2Vh0ntR3UKOpf8Aes8ANsiJUfYOdDcNsM0HKkKx2fc6+u7wkTzpR2nC+rtLK6tr5R3qxsbe/s7tn7B00Vp5JQj8Q8lg8hVpQzQT3NNKcPiaQ4CjlthcObqd96pFKxWNzrLKFBhPuC9RjB2kgd+2iMfCaQh/zRKMVdZJ6cjlDWsatOzZkBLRO3IFUo0OjY3343JmlEhSYcK9V2nUQHOZaaEU4nFT9VNMFkiPu0bajAEVVBPjtggk6N0kW9WJoSGs3U3xM5jpTKotB0RlgP1KI3Ff/1lGbjhd26dx3kTCSppoLMV/dSjnSMpvmgLpOUaJ4Zgolk5veIDLDERJsUKyYWdzGEZdI8r7mXNefuolqvFwGV4RhO4AxcuII63EIDPCAwgWd4gVfryXqz3q2PeWvJKmYO4Q+szx9KOZ0F</latexit>x À U x f y <latexit sha1_base64="vOqyKM1BtvdIKzECpNT8hoCGIKg=">AAACEnicbVDLSsNAFL2pr1pfURcu3AwWwVVJRNFlwY0LFxXsA5pQJtNpO3QySWcm0hD6F/6BW/0Bd+LWH3Dvhzhts9DWAxcO59zLvfcEMWdKO86XVVhZXVvfKG6WtrZ3dvfs/YOGihJJaJ1EPJKtACvKmaB1zTSnrVhSHAacNoPhzdRvPlKpWCQedBpTP8R9wXqMYG2kjn00Rh4T6A55o1GCuyhFHqcjNO7YZafizICWiZuTMuSodexvrxuRJKRCE46VartOrP0MS80Ip5OSlygaYzLEfdo2VOCQKj+bPTBBp0bpol4kTQmNZurviQyHSqVhYDpDrAdq0ZuK/3pKs/HCbt279jMm4kRTQearewlHOkLTfFCXSUo0Tw3BRDJzPSIDLDHRJsWSicVdDGGZNM4r7mXFub8oV6t5QEU4hhM4AxeuoAq3UIM6EJjAM7zAq/VkvVnv1se8tWDlM4fwB9bnDztqnPw=</latexit>x À L y f x
<latexit sha1_base64="nkogPFtqPZL0i70BThmvpjXRoqU=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLgxmUF0wptKJPppB06mYSZG7GEbvwDt/oD7sStf+LeD3HaZqGtBy4czrmXczlhKoVB1/1ySiura+sb5c3K1vbO7l51/6Blkkwz7rNEJvo+pIZLobiPAiW/TzWncSh5OxxdT/32A9dGJOoOxykPYjpQIhKMopXaY9IVivi9as2tuzOQZeIVpAYFmr3qd7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ+9OyIlV+iRKtB2FZKb+vshpbMw4Du1mTHFoFr2p+K9nUDwuZGN0FeRCpRlyxebRUSYJJmTaBukLzRnKsSWUaWG/J2xINWVoO6vYWrzFEpZJ66zuXdTd2/Nao1EUVIYjOIZT8OASGnADTfCBwQie4QVenSfnzXl3PuarJae4OYQ/cD5/AG4hlq4=</latexit>y À U <latexit sha1_base64="nkogPFtqPZL0i70BThmvpjXRoqU=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLgxmUF0wptKJPppB06mYSZG7GEbvwDt/oD7sStf+LeD3HaZqGtBy4czrmXczlhKoVB1/1ySiura+sb5c3K1vbO7l51/6Blkkwz7rNEJvo+pIZLobiPAiW/TzWncSh5OxxdT/32A9dGJOoOxykPYjpQIhKMopXaY9IVivi9as2tuzOQZeIVpAYFmr3qd7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ+9OyIlV+iRKtB2FZKb+vshpbMw4Du1mTHFoFr2p+K9nUDwuZGN0FeRCpRlyxebRUSYJJmTaBukLzRnKsSWUaWG/J2xINWVoO6vYWrzFEpZJ66zuXdTd2/Nao1EUVIYjOIZT8OASGnADTfCBwQie4QVenSfnzXl3PuarJae4OYQ/cD5/AG4hlq4=</latexit>y À U

<latexit sha1_base64="vQxDguICkGcaDWBnPoqkFFWGFcs=">AAACC3icbVDLSgNBEJz1GeNr1aOXwSB4Crui6EUIePEYwTwgWcLspDcZMvtgpje4LPkE/8Cr/oA38epHePdDnCR70MSChqKqm2rKT6TQ6Dhf1srq2vrGZmmrvL2zu7dvHxw2dZwqDg0ey1i1faZBiggaKFBCO1HAQl9Cyx/dTv3WGJQWcfSAWQJeyAaRCARnaKSebXcxTugN7UKYYKYBe3bFqToz0GXiFqRCCtR79ne3H/M0hAi5ZFp3XCdBL2cKBZcwKXdTDQnjIzaAjqERC0F7+ezzCT01Sp8GsTITIZ2pvy9yFmqdhb7ZDBkO9aI3Ff/1NIrHhWwMrr1cREmKEPF5dJBKijGdFkP7QgFHmRnCuBLme8qHTDGOpr6yqcVdLGGZNM+r7mXVub+o1GpFQSVyTE7IGXHJFamRO1InDcLJmDyTF/JqPVlv1rv1MV9dsYqbI/IH1ucPTuya+w==</latexit>

Ò = Á
<latexit sha1_base64="VZWaEGrYML/q1ejy8l7JCL/8+DQ=">AAACC3icbVDLSgNBEJz1GeNr1aOXwSB4Crui6EUIePEYwTwgWcLspDcZMvtgpje4LPkE/8Cr/oA38epHePdDnCR70MSChqKqm2rKT6TQ6Dhf1srq2vrGZmmrvL2zu7dvHxw2dZwqDg0ey1i1faZBiggaKFBCO1HAQl9Cyx/dTv3WGJQWcfSAWQJeyAaRCARnaKSebXf9GOkN7UKYYKYBe3bFqToz0GXiFqRCCtR79ne3H/M0hAi5ZFp3XCdBL2cKBZcwKXdTDQnjIzaAjqERC0F7+ezzCT01Sp8GsTITIZ2pvy9yFmqdhb7ZDBkO9aI3Ff/1NIrHhWwMrr1cREmKEPF5dJBKijGdFkP7QgFHmRnCuBLme8qHTDGOpr6yqcVdLGGZNM+r7mXVub+o1GpFQSVyTE7IGXHJFamRO1InDcLJmDyTF/JqPVlv1rv1MV9dsYqbI/IH1ucPN+ya7Q==</latexit>

Ú = Á

<latexit sha1_base64="RsckAGxsL1LHJsy0yirdE4krJW8=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9CIEvHiMYB6QLDI7mU2GzM4sM71iCDn5B171B7yJV7/Eux/iJNmDJhY0FFXVdFNRKoVF3//ylpZXVtfWCxvFza3tnd3S3n7D6swwXmdaatOKqOVSKF5HgZK3UsNpEknejAbXE7/5wI0VWt3hMOVhQntKxIJRdFKrE2kkV6R2Xyr7FX8KskiCnJQhh8t/d7qaZQlXyCS1th34KYYjalAwycfFTmZ5StmA9njbUUUTbsPR9N8xOXZKl8TauFFIpurvjRFNrB0mkUsmFPt23puI/3oWxePcbYwvw5FQaYZcsdnpOJMENZnUQbrCcIZy6AhlRrjvCetTQxm60oqulmC+hEXSOK0E5xX/9qxcreYFFeAQjuAEAriAKtxADerAQMIzvMCr9+S9ee/exyy65OU7B/AH3ucP3SmW5Q==</latexit>Ú = P

<latexit sha1_base64="jJKUPLq4xWwHrMgEYmoYMSrgqPU=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9CIEvHiMYB6QLDI7mU2GzM4sM71iCDn5B171B7yJV7/Eux/iJNmDJhY0FFXVdFNRKoVF3//ylpZXVtfWCxvFza3tnd3S3n7D6swwXmdaatOKqOVSKF5HgZK3UsNpEknejAbXE7/5wI0VWt3hMOVhQntKxIJRdFKrgzolV6R2Xyr7FX8KskiCnJQhh8t/d7qaZQlXyCS1th34KYYjalAwycfFTmZ5StmA9njbUUUTbsPR9N8xOXZKl8TauFFIpurvjRFNrB0mkUsmFPt23puI/3oWxePcbYwvw5FQaYZcsdnpOJMENZnUQbrCcIZy6AhlRrjvCetTQxm60oqulmC+hEXSOK0E5xX/9qxcreYFFeAQjuAEAriAKtxADerAQMIzvMCr9+S9ee/exyy65OU7B/AH3ucP87mW8w==</latexit>Ò = P

<latexit sha1_base64="TbZfKPpAAPOKyzx2UVvMj5uhsBQ=">AAACI3icbVC7SgNBFJ31GeMramkzGIQUEnZF0TJgYxnBPCAbwuzkbjJkdnaduSuGJb/gX/gHtvoDdmJjYeeHOHkUmnhg4HDOudw7J0ikMOi6n87S8srq2npuI7+5tb2zW9jbr5s41RxqPJaxbgbMgBQKaihQQjPRwKJAQiMYXI39xj1oI2J1i8ME2hHrKREKztBKnULJl0z1JFDqRwz7QZjVRrR6Qn2TJgYQ7qivJ4FOoeiW3QnoIvFmpEhmqHYK33435mkECrlkxrQ8N8F2xjQKLmGU91MDCeMD1oOWpYpFYNrZ5EcjemyVLg1jbZ9COlF/T2QsMmYYBTY5PtvMe2PxX8+geJjbjeFlOxMqSREUn64OU0kxpuPCaFdo4CiHljCuhb2e8j7TjKOtNW9r8eZLWCT107J3XnZvzoqVyqygHDkkR6REPHJBKuSaVEmNcPJInskLeXWenDfn3fmYRpec2cwB+QPn6weCdaSZ</latexit>ÍUP ,‘Î
<latexit sha1_base64="f08QgXnZ07izf/hUzpOf0S+Sbhg=">AAACI3icbVDLSsNAFJ34rPVVdelmsAhdSElE0WXBjQsXFawKJpTJ9KYdnEzizI1YQn/Bv/AP3OoPuBM3Ltz5IU5jFlo9MHA451zunROmUhh03Xdnanpmdm6+slBdXFpeWa2trZ+bJNMcOjyRib4MmQEpFHRQoITLVAOLQwkX4fXR2L+4BW1Eos5wmEIQs74SkeAMrdStNXzJVF8CpX7McBBG+cmItneob7LQAMIN9XUR6NbqbtMtQP8SryR1UqLdrX36vYRnMSjkkhlz5bkpBjnTKLiEUdXPDKSMX7M+XFmqWAwmyIsfjei2VXo0SrR9Cmmh/pzIWWzMMA5tcny2mfTG4r+eQXE3sRujwyAXKs0QFP9eHWWSYkLHhdGe0MBRDi1hXAt7PeUDphlHW2vV1uJNlvCXnO82vf2me7pXb7XKgipkk2yRBvHIAWmRY9ImHcLJPXkkT+TZeXBenFfn7Ts65ZQzG+QXnI8vXH+kgg==</latexit>ÍLP ,”Î



Upper / lower closure

‣ The upper closure of an element is the set of elements that dominate it: 

‣ Upper closure of a set:  
 
 
 
 
 
 
 
 

‣ Lower closure is defined symmetrically:

<latexit sha1_base64="91dTowzUfnAhEr7HrKMMB0WUqlU=">AAACC3icbVDLSsNAFL2pr1pfUZduBovgopREFN0IBTcuK9oHNKFMppN26GQSZibFEvoJ/oFb/QF34taPcO+HOG2z0NYDFw7n3Mu5nCDhTGnH+bIKK6tr6xvFzdLW9s7unr1/0FRxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLyZ+q0RlYrF4kGPE+pHuC9YyAjWRura9j26Rl6GcAUFFUS8SdcuO1VnBrRM3JyUIUe9a397vZikERWacKxUx3US7WdYakY4nZS8VNEEkyHu046hAkdU+dns8wk6MUoPhbE0IzSaqb8vMhwpNY4CsxlhPVCL3lT811OaPS5k6/DKz5hIUk0FmUeHKUc6RtNiUI9JSjQfG4KJZOZ7RAZYYqJNfSVTi7tYwjJpnlXdi6pzd16u1fKCinAEx3AKLlxCDW6hDg0gMIJneIFX68l6s96tj/lqwcpvDuEPrM8fptmZVg==</latexit>

S = {a, b, c}
<latexit sha1_base64="0U5RzzgnwMlnQjHon7Jt1USm9WA=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv33PtRGxusNJwv2IDpUIBaNopQbtlytu1Z2D/CVeTiqQo94vf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7olJxYZUDCWNtRSObqz4uMRsZMosBuRhRHZtmbif96BsXDUjaGV34mVJIiV2wRHaaSYExmPZCB0JyhnFhCmRb2e8JGVFOGtq2SrcVbLuEvaZ1VvYuq2ziv1K7zgopwBMdwCh5cQg1uoQ5NYMDhCZ7hxXl0Xp03532xWnDym0P4BefjG5BAlJQ=</latexit>a

<latexit sha1_base64="zoXW9845zJwcF1vKJmpGf/ao88w=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmVkxrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJAIro3rfjqFldW19Y3iZmlre2d3r7x/0NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt+9RaR7LOzNJ0I/oUPKQM2qs1Aj65Ypbdecgf4mXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5o9OyYlVBiSMlR1pyFz9eZHRSOtJFNjNiJqRXvZm4r+eNvxhKduEV37GZZIalGwRHaaCmJjMeiADrpAZMbGEMsXt94SNqKLM2LZKthZvuYS/pHVW9S6qbuO8UrvOCyrCERzDKXhwCTW4hTo0gQHCEzzDi/PovDpvzvtiteDkN4fwC87HN5HWlJU=</latexit>

b
<latexit sha1_base64="hSHXRXDjq+zvXnN/iBJRkIRjIQQ=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv33PtRGxusNJwv2IDpUIBaNopQbrlytu1Z2D/CVeTiqQo94vf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7olJxYZUDCWNtRSObqz4uMRsZMosBuRhRHZtmbif96BsXDUjaGV34mVJIiV2wRHaaSYExmPZCB0JyhnFhCmRb2e8JGVFOGtq2SrcVbLuEvaZ1VvYuq2ziv1K7zgopwBMdwCh5cQg1uoQ5NYMDhCZ7hxXl0Xp03532xWnDym0P4BefjG5NslJY=</latexit>c

<latexit sha1_base64="n4b3wnpCo6rgzO7GWmMrZ6vnpnI=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzQOTJcxOJsmQ2dllplcNS47+gVf9AW/i1Q/x7oc4SfagiQUNRVU31VQQS2HQdb+c3NLyyupafr2wsbm1vVPc3aubKNGM11gkI90MqOFSKF5DgZI3Y81pGEjeCIaXE79xz7URkbrFUcz9kPaV6AlG0Up37SSmWkcP5KZTLLlldwqySLyMlCBDtVP8bncjloRcIZPUmJbnxuinVKNgko8L7cTwmLIh7fOWpYqG3Pjp9OMxObJKl/QibUchmaq/L1IaGjMKA7sZUhyYeW8i/usZFI9z2di78FOh4gS5YrPoXiIJRmRSCOkKzRnKkSWUaWG/J2xANWVoayvYWrz5EhZJ/aTsnZXd69NSpZIVlIcDOIRj8OAcKnAFVagBAwXP8AKvzpPz5rw7H7PVnJPd7MMfOJ8/eWiYag==</latexit>

~ S

<latexit sha1_base64="kL+EWECfivL58n54MpXrsD6KjLw=">AAACJHicbZC7TsMwFIYdrqXcAowsFhUSLFWCQCCmSiyMRaIXqakqx3Vaq44T7BNoFfUZeAvegBVegA0xsDDxIDhtBmg5kqVf33+Oj/37seAaHOfTWlhcWl5ZLawV1zc2t7btnd26jhJFWY1GIlJNn2gmuGQ14CBYM1aMhL5gDX9wlfmNe6Y0j+QtjGLWDklP8oBTAgZ17GMviYlS0QMm2OtGwO6wl+Ih9rjEVXyZUWHY0Bt37JJTdiaF54WbixLKq9qxv82FNAmZBCqI1i3XiaGdEgWcCjYueolmMaED0mMtIyUJmW6nky+N8aEhXRxEyhwJeEJ/T6Qk1HoU+qYzJNDXs14G//U08OHMbggu2imXcQJM0unqIBEYIpwlhrtcMQpiZAShipvXY9onilAwuRZNLO5sCPOiflJ2z8rOzWmpUskDKqB9dICOkIvOUQVdoyqqIYoe0TN6Qa/Wk/VmvVsf09YFK5/ZQ3/K+voBZmmj1A==</latexit>

~ a Å {x À P : a f x}

<latexit sha1_base64="y+8Mg8l2ThDQTFUKido57WDHFfY=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBDEQ9gVRY8BLx4jMQ/IhtA7mSSDs7PrTK8alvyDf+EfeNUf8CaCJy9+iJMHookFDUVV9/R0BbEUBl33w5mbX1hcWs6sZFfX1jc2c1vbVRMlmvEKi2Sk6wEYLoXiFRQoeT3WHMJA8lpwfT70a7dcGxGpK+zHvBlCV4mOYIBWauUO/SQGraM7WqZ+O0J+Q32WxK0UfKFoeUB/fGjl8m7BHYHOEm9C8mSCUiv3ZV9kScgVMgnGNDw3xmYKGgWTfJD1E8NjYNfQ5Q1LFYTcNNPRTQO6b5U27UTalkI6Un9PpBAa0w8D2xkC9sy0NxT/9QyK+6nd2DlrpkLFCXLFxqs7iaQY0WFktC00Zyj7lgDTwv6esh5oYGiDzdpYvOkQZkn1qOCdFNzL43yxOAkoQ3bJHjkgHjklRXJBSqRCGHkgT+SZvDiPzqvz5ryPW+ecycwO+QPn8xt8hqWj</latexit>

~ S Å ‰aÀS ~ a

<latexit sha1_base64="9NlnmunXBRrCnqGiJG5sJbHDsvk=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzQOSJcxOZpMhs7PLTK8xhJz9A6/6A97Eq9/h3Q9xkuxBEwsaiqouuqkgkcKg6345uZXVtfWN/GZha3tnd6+4f1A3caoZr7FYxroZUMOlULyGAiVvJprTKJC8EQyup37jgWsjYnWPo4T7Ee0pEQpG0UrtdjceKqp1PCR3nWLJLbszkGXiZaQEGaqd4reNszTiCpmkxrQ8N0F/TDUKJvmk0E4NTygb0B5vWapoxI0/nv08ISdW6ZIw1nYUkpn6OzGmkTGjKLCbEcW+WfSm4r+eQfG4cBvDK38sVJIiV2x+OkwlwZhMKyFdoTlDObKEMi3s94T1qaYMbXEFW4u3WMIyqZ+VvYuye3teqlSygvJwBMdwCh5cQgVuoAo1YJDAM7zAq/PkvDnvzsd8NedkmUP4A+fzBxrDmVE=</latexit>

ö S



Upper / lower closure

‣ The upper closure of an element is the set of elements that dominate it: 

‣  Upper closure is a monotone function:

<latexit sha1_base64="0U5RzzgnwMlnQjHon7Jt1USm9WA=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv33PtRGxusNJwv2IDpUIBaNopQbtlytu1Z2D/CVeTiqQo94vf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7olJxYZUDCWNtRSObqz4uMRsZMosBuRhRHZtmbif96BsXDUjaGV34mVJIiV2wRHaaSYExmPZCB0JyhnFhCmRb2e8JGVFOGtq2SrcVbLuEvaZ1VvYuq2ziv1K7zgopwBMdwCh5cQg1uoQ5NYMDhCZ7hxXl0Xp03532xWnDym0P4BefjG5BAlJQ=</latexit>a

<latexit sha1_base64="zoXW9845zJwcF1vKJmpGf/ao88w=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmVkxrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJAIro3rfjqFldW19Y3iZmlre2d3r7x/0NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt+9RaR7LOzNJ0I/oUPKQM2qs1Aj65Ypbdecgf4mXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5o9OyYlVBiSMlR1pyFz9eZHRSOtJFNjNiJqRXvZm4r+eNvxhKduEV37GZZIalGwRHaaCmJjMeiADrpAZMbGEMsXt94SNqKLM2LZKthZvuYS/pHVW9S6qbuO8UrvOCyrCERzDKXhwCTW4hTo0gQHCEzzDi/PovDpvzvtiteDkN4fwC87HN5HWlJU=</latexit>

b

<latexit sha1_base64="kL+EWECfivL58n54MpXrsD6KjLw=">AAACJHicbZC7TsMwFIYdrqXcAowsFhUSLFWCQCCmSiyMRaIXqakqx3Vaq44T7BNoFfUZeAvegBVegA0xsDDxIDhtBmg5kqVf33+Oj/37seAaHOfTWlhcWl5ZLawV1zc2t7btnd26jhJFWY1GIlJNn2gmuGQ14CBYM1aMhL5gDX9wlfmNe6Y0j+QtjGLWDklP8oBTAgZ17GMviYlS0QMm2OtGwO6wl+Ih9rjEVXyZUWHY0Bt37JJTdiaF54WbixLKq9qxv82FNAmZBCqI1i3XiaGdEgWcCjYueolmMaED0mMtIyUJmW6nky+N8aEhXRxEyhwJeEJ/T6Qk1HoU+qYzJNDXs14G//U08OHMbggu2imXcQJM0unqIBEYIpwlhrtcMQpiZAShipvXY9onilAwuRZNLO5sCPOiflJ2z8rOzWmpUskDKqB9dICOkIvOUQVdoyqqIYoe0TN6Qa/Wk/VmvVsf09YFK5/ZQ3/K+voBZmmj1A==</latexit>

~ a Å {x À P : a f x}

<latexit sha1_base64="0U5RzzgnwMlnQjHon7Jt1USm9WA=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5idzCZDZmeXmV4xrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJBIYdB1P53Cyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv33PtRGxusNJwv2IDpUIBaNopQbtlytu1Z2D/CVeTiqQo94vf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bP7olJxYZUDCWNtRSObqz4uMRsZMosBuRhRHZtmbif96BsXDUjaGV34mVJIiV2wRHaaSYExmPZCB0JyhnFhCmRb2e8JGVFOGtq2SrcVbLuEvaZ1VvYuq2ziv1K7zgopwBMdwCh5cQg1uoQ5NYMDhCZ7hxXl0Xp03532xWnDym0P4BefjG5BAlJQ=</latexit>a

<latexit sha1_base64="zoXW9845zJwcF1vKJmpGf/ao88w=">AAAB+nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48JmAckS5id9CZDZmeXmVkxrPkCr/oD3sSrP+PdD3GS7EGjBQ1FVTfVVJAIro3rfjqFldW19Y3iZmlre2d3r7x/0NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt+9RaR7LOzNJ0I/oUPKQM2qs1Aj65Ypbdecgf4mXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5o9OyYlVBiSMlR1pyFz9eZHRSOtJFNjNiJqRXvZm4r+eNvxhKduEV37GZZIalGwRHaaCmJjMeiADrpAZMbGEMsXt94SNqKLM2LZKthZvuYS/pHVW9S6qbuO8UrvOCyrCERzDKXhwCTW4hTo0gQHCEzzDi/PovDpvzvtiteDkN4fwC87HN5HWlJU=</latexit>

b
<latexit sha1_base64="hcLmTk/eJnw4cfH0nElL2TxFD/k=">AAACA3icbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGCeWCyhNnJbDJkdnaZ6VXDkqN/4FV/wJt49UO8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGrG6yyWsW4F1HApFK+jQMlbieY0CiRvBsOrid+859qIWN3iKOF+RPtKhIJRtNJdJ02o1vEDod1S2a24U5BF4uWkDDlq3dJ3pxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mH4/JsVV6JIy1HYVkqv6+yGhkzCgK7GZEcWDmvYn4r2dQPM5lY3jpZ0IlKXLFZtFhKgnGZFII6QnNGcqRJZRpYb8nbEA1ZWhrK9pavPkSFknjtOKdV9ybs3K1mhdUgEM4ghPw4AKqcA01qAMDBc/wAq/Ok/PmvDsfs9UlJ785gD9wPn8Aj5yYeA==</latexit>

~ a

<latexit sha1_base64="dTul7VTEfjMWEqskugAKryiTYdw=">AAACA3icbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGCeWCyhNnJbDJkdnaZ6VXDkqN/4FV/wJt49UO8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGrG6yyWsW4F1HApFK+jQMlbieY0CiRvBsOrid+859qIWN3iKOF+RPtKhIJRtNJdJ02o1vEDCbqlsltxpyCLxMtJGXLUuqXvTi9macQVMkmNaXtugn5GNQom+bjYSQ1PKBvSPm9bqmjEjZ9NPx6TY6v0SBhrOwrJVP19kdHImFEU2M2I4sDMexPxX8+geJzLxvDSz4RKUuSKzaLDVBKMyaQQ0hOaM5QjSyjTwn5P2IBqytDWVrS1ePMlLJLGacU7r7g3Z+VqNS+oAIdwBCfgwQVU4RpqUAcGCp7hBV6dJ+fNeXc+ZqtLTn5zAH/gfP4AkTKYeQ==</latexit>

~ b

<latexit sha1_base64="q9L8EDtoRXexpUwGhav6hdqwFOw=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bjw4jGCeWCyhNlJbzJkdnad6RXDkqN/4FV/wJt49UO8+yFOkj1oYkFDUdVNNRUkUhh03S9naXlldW29sFHc3Nre2S3t7TdMnGoOdR7LWLcCZkAKBXUUKKGVaGBRIKEZDK8mfvMBtBGxusVRAn7E+kqEgjO00h2jHQn33RoNuqWyW3GnoIvEy0mZ5Kh1S9+dXszTCBRyyYxpe26CfsY0Ci5hXOykBhLGh6wPbUsVi8D42fTjMT22So+GsbajkE7V3xcZi4wZRYHdjBgOzLw3Ef/1DIrHuWwML/1MqCRFUHwWHaaSYkwnhdCe0MBRjixhXAv7PeUDphlHW1vR1uLNl7BIGqcV77zi3pyVq9W8oAI5JEfkhHjkglTJNamROuFEkWfyQl6dJ+fNeXc+ZqtLTn5zQP7A+fwBkweX2w==</latexit>a fP b
<latexit sha1_base64="4DMhLfA3d3ow2DhLQ7L13LIMwDw=">AAACHHicbVDLSgNBEJyNrxhfqx69jAbBU9gVRY8BLx4jmAdklzA76SRDZh/O9Koh5Oxf+Ade9Qe8iVfBux/iJFlEEwsaiqpuuruCRAqNjvNp5RYWl5ZX8quFtfWNzS17e6em41RxqPJYxqoRMA1SRFBFgRIaiQIWBhLqQf9i7NdvQWkRR9c4SMAPWTcSHcEZGqll73tpwpSK7yijnk4TDQg3HqU/ctCyi07JmYDOEzcjRZKh0rK/vHbM0xAi5JJp3XSdBP0hUyi4hFHBSzUkjPdZF5qGRiwE7Q8nr4zooVHatBMrUxHSifp7YshCrQdhYDpDhj09643Ffz2N4n5mN3bO/aGIkhQh4tPVnVRSjOk4KdoWCjjKgSGMK2Gup7zHFONo8iyYWNzZEOZJ7bjknpacq5NiuZwFlCd75IAcEZeckTK5JBVSJZw8kCfyTF6sR+vVerPep605K5vZJX9gfXwDlRiiDw==</latexit>

~ a ‘ ~ b

<latexit sha1_base64="wGCLXLZhthcPSVimTFHuUymqEQ4=">AAACIHicbVDLSgNBEJz1GeMr6tHLYAh4kLArih4DXjxGMA/IhjA76U2GzM6uM71iWPIF/oV/4FV/wJt41LMf4uRx0MSChqKqm+6uIJHCoOt+OkvLK6tr67mN/ObW9s5uYW+/buJUc6jxWMa6GTADUiiooUAJzUQDiwIJjWBwNfYb96CNiNUtDhNoR6ynRCg4Qyt1CiVfMtWTQP2IYT8Is9qoekJ9kyYGEO58PXE7haJbdiegi8SbkSKZodopfPvdmKcRKOSSGdPy3ATbGdMouIRR3k8NJIwPWA9alioWgWlnk3dGtGSVLg1jbUshnai/JzIWGTOMAts5PtrMe2PxX8+geJjbjeFlOxMqSREUn64OU0kxpuO0aFdo4CiHljCuhb2e8j7TjKPNNG9j8eZDWCT107J3XnZvzoqVyiygHDkkR+SYeOSCVMg1qZIa4eSRPJMX8uo8OW/Ou/MxbV1yZjMH5A+crx9dVKQb</latexit>ÍUP ,‘Î<latexit sha1_base64="FyRKUOZSslr8djzWzfsGTFJAows=">AAACFHicbVDLSsNAFJ34rPUVdSVuBovgQkoiii4LblxGsA9oQplMb9qhk0mcmYglFP/CP3CrP+BO3Lp374c4TbvQ1gMXDufcy733hClnSjvOl7WwuLS8slpaK69vbG5t2zu7DZVkkkKdJjyRrZAo4ExAXTPNoZVKIHHIoRkOrsZ+8x6kYom41cMUgpj0BIsYJdpIHXvf50T0OGDvBPsc7joe9mWhdOyKU3UK4HniTkkFTeF17G+/m9AsBqEpJ0q1XSfVQU6kZpTDqOxnClJCB6QHbUMFiUEFefHCCB8ZpYujRJoSGhfq74mcxEoN49B0xkT31aw3Fv/1lGYPM7t1dBnkTKSZBkEnq6OMY53gcUK4yyRQzYeGECqZuR7TPpGEapNj2cTizoYwTxqnVfe86tycVWq1aUAldIAO0TFy0QWqoWvkoTqi6BE9oxf0aj1Zb9a79TFpXbCmM3voD6zPH0g5nh8=</latexit>ÍP ,fP Î

<latexit sha1_base64="bGhp84LzWKYwP3/jAMYKKVPnT9U=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOZpMhszvLTK8alpz8A6/6A97Eq1/i3Q9xkuxBEwsaiqpuqqkgkcKg6345hZXVtfWN4mZpa3tnd6+8f9A0KtWMN5iSSrcDargUMW+gQMnbieY0CiRvBaPrqd+659oIFd/hOOF+RAexCAWjaKV2N02o1uqhV664VXcGsky8nFQgR71X/u72FUsjHiOT1JiO5yboZ1SjYJJPSt3U8ISyER3wjqUxjbjxs9m/E3JilT4JlbYTI5mpvy8yGhkzjgK7GVEcmkVvKv7rGRSPC9kYXvmZiJMUeczm0WEqCSoyrYP0heYM5dgSyrSw3xM2pJoytKWVbC3eYgnLpHlW9S6q7u15pVbLCyrCERzDKXhwCTW4gTo0gIGEZ3iBV+fJeXPenY/5asHJbw7hD5zPH3H1l+M=</latexit>

~



Functors

‣ A functor  between two categories is defined by two maps: 
- a map from objects to objects   

- maps from hom-sets to hom-sets   

‣ (We overload the notation and write F  for both functions.) 

‣ These maps need satisfy two conditions: 
- Identities map to identities:  
- Composition is respected:  

<latexit sha1_base64="u/RCrn00CL+jySbFLZqV8NsJXdk=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKongKRMRjBPPAZAmzk0kyZHZ2mekVw5Kjf+BVf8CbePVDvPshTh4HTSxoKKq66e4KYikMuu6Xk1laXlldy67nNja3tnfyu3s1EyWa8SqLZKQbATVcCsWrKFDyRqw5DQPJ68GgPPbrD1wbEak7HMbcD2lPia5gFK10f31JyqSFEblq5wtu0Z2ALBJvRgowQ6Wd/251IpaEXCGT1Jim58bop1SjYJKPcq3E8JiyAe3xpqWKhtz46eTiETmySod0I21LIZmovydSGhozDAPbGVLsm3lvLP7rGRSPc7uxe+GnQsUJcsWmq7uJJPbpcSCkIzRnKIeWUKaFvZ6wPtWUoY0tZ2Px5kNYJLWTondWdG9PC6XSLKAsHMAhHIMH51CCG6hAFRgoeIYXeHWenDfn3fmYtmac2cw+/IHz+QOBb5cx</latexit>F : C ô D
<latexit sha1_base64="3/CF6HpE5q6hrZ20sHUxgXS7iuM=">AAACG3icbVDLSsNAFJ34rPUVdelmsAiuSiKK4qrQjTsr2Ae0IUymk3boZBJmbqQldOtf+Adu9QfciVsX7v0Qp20WtfXAwLnn3Mude4JEcA2O822trK6tb2wWtorbO7t7+/bBYUPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBmMKhO/OYjU5rH8gFGCfMi0pM85JSAkXwbh75zgzvAhpDdBWO/ang8X/t2ySk7U+Bl4uakhHLUfPun041pGjEJVBCt266TgJcRBZwKNi52Us0SQgekx9qGShIx7WXTS8b41ChdHMbKPAl4qs5PZCTSehQFpjMi0NeL3kT819PAhwu7Ibz2Mi6TFJiks9VhKrA5fxIU7nLFKIiRIYQqbn6PaZ8oQsHEWTSxuIshLJPGedm9LDv3F6VKJQ+ogI7RCTpDLrpCFXSLaqiOKHpCL+gVvVnP1rv1YX3OWlesfOYI/YH19QsYiqE+</latexit>

f0 : ObC ô ObC
<latexit sha1_base64="Nxj/PYa4ReEzsnFI1SNLreeDvpk=">AAACNHicbVDLSgMxFM3Ud31VXboJFqHdlBlRfHRTcONSwT7AluFOmtHQzIPkjrQM8y3+hX/gVteCO3XrN5jWWdTqgZCTc+7l3hwvlkKjbb9ahbn5hcWl5ZXi6tr6xmZpa7ulo0Qx3mSRjFTHA82lCHkTBUreiRWHwJO87Q3Ox377nistovAaRzHvBXAbCl8wQCO5pVPfTcHLzmgX+RDTiyjIKlD3quYdTWvUd+0KVOuT29hV6pbKds2egP4lTk7KJMelW/ro9iOWBDxEJkHrG8eOsZeCQsEkz4rdRPMY2ABu+Y2hIQRc99LJFzO6b5Q+9SNlToh0ok53pBBoPQo8UxkA3ulZbyz+62kUw5nZ6J/0UhHGCfKQ/Yz2E0lNIOMEaV8ozlCODAGmhNmesjtQwNDkXDSxOLMh/CWtg5pzVLOvDsuNRh7QMtkle6RCHHJMGuSCXJImYeSBPJFn8mI9Wm/Wu/X5U1qw8p4d8gvW1zckWqkP</latexit>fab : Hom(a; b) ô Hom(f0(a); f0(b))

<latexit sha1_base64="o5ka9ZsFIBd+MHOYgxw0Y+Zs0+E=">AAACHHicbVDLSgMxFM3UV62vUZduokVoN2VGFN0IBaHoroJ9QFtKJk3b0ExmSO5Iy9C1f+EfuNUfcCduBfd+iGk7oLYeuHByzr3c3OOFgmtwnE8rtbS8srqWXs9sbG5t79i7e1UdRIqyCg1EoOoe0UxwySrAQbB6qBjxPcFq3uBq4tfumdI8kHcwClnLJz3Ju5wSMFLbPizlmsCGEN90xm2Sx5f45xmXciQ/bttZp+BMgReJm5AsSlBu21/NTkAjn0mggmjdcJ0QWjFRwKlg40wz0iwkdEB6rGGoJD7TrXh6yhgfG6WDu4EyJQFP1d8TMfG1Hvme6fQJ9PW8NxH/9TTw4dxu6F60Yi7DCJiks9XdSGAI8CQp3OGKURAjQwhV3Pwe0z5RhILJM2NicedDWCTVk4J7VnBuT7PFYhJQGh2gI5RDLjpHRXSNyqiCKHpAT+gZvViP1qv1Zr3PWlNWMrOP/sD6+AZYPqFR</latexit>

F (Ida) = IdF (a)
<latexit sha1_base64="fMrjJ5BVCz8E6LqmHnOC5OPZ2NM=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2VGFN0IBaG4rGAf0A4lk2Y6oUlmSDJiGbr1L/wDt/oD7sStC/d+iJl2Ftp64MLJOfdyc48fM6q043xZhZXVtfWN4mZpa3tnd8/eP2irKJGYtHDEItn1kSKMCtLSVDPSjSVB3Gek44+vM79zT6SikbjTk5h4HI0EDShG2kgDGzYqcAT7AeYxDGEVXmXvai40KmF1YJedmjMDXCZuTsogR3Ngf/eHEU44ERozpFTPdWLtpUhqihmZlvqJIjHCYzQiPUMF4kR56eySKTwxyhAGkTQlNJypvydSxJWacN90cqRDtehl4r+e0vRhYbcOLr2UijjRROD56iBhUEcwCwoOqSRYs4khCEtqfg9xiCTC2sRZMrG4iyEsk/ZpzT2vObdn5Xo9D6gIjsAxqAAXXIA6uAFN0AIYPIJn8AJerSfrzXq3PuatBSufOQR/YH3+AClunjw=</latexit>

F (g Ø h) = F (g) Ø F (h)

<latexit sha1_base64="vGJRh0x+5JPtB+vgqK3zEhantlo=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosdALh4TMImQLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgdNLGgoqrqppoJECoOu++UU1tY3NreK26Wd3b39g/LhUdvEqebQ4rGM9X3ADEihoIUCJdwnGlgUSOgE4/rM7zyANiJWdzhJwI/YUIlQcIZWatb75Ypbdeegq8TLSYXkaPTL371BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbPKgIaxtqOQztXfFxmLjJlEgd2MGI7MsjcT//UMiselbAxv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2XsEraF1Xvquo2Lyu1Wl5QkZyQU3JOPHJNauSWNEiLcALkmbyQV+fJeXPenY/FasHJb47JHzifP2ASlHQ=</latexit>C
<latexit sha1_base64="74cWX4sgZSzTVRx8twYW1VD63jM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAHjwmYB6QLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgeNFjQUVd1UU0EihUHX/XQKK6tr6xvFzdLW9s7uXnn/oGXiVHNo8ljGuhMwA1IoaKJACZ1EA4sCCe1gfD3z2/egjYjVHU4S8CM2VCIUnKGVGjf9csWtunPQv8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbHKgIaxtqOQztWfFxmLjJlEgd2MGI7MsjcT//UMioelbAyv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2X8Je0zqreRdVtnFdqtbygIjkix+SUeOSS1MgtqZMm4QTIE3kmL86j8+q8Oe+L1YKT3xySX3A+vgFhqJR1</latexit>D



Monotone functions as functors

‣ A functor   need satisfy two conditions: 
- Identities map to identities:  
- Composition is respected:   

‣ A function  is monotone iff

<latexit sha1_base64="u/RCrn00CL+jySbFLZqV8NsJXdk=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKongKRMRjBPPAZAmzk0kyZHZ2mekVw5Kjf+BVf8CbePVDvPshTh4HTSxoKKq66e4KYikMuu6Xk1laXlldy67nNja3tnfyu3s1EyWa8SqLZKQbATVcCsWrKFDyRqw5DQPJ68GgPPbrD1wbEak7HMbcD2lPia5gFK10f31JyqSFEblq5wtu0Z2ALBJvRgowQ6Wd/251IpaEXCGT1Jim58bop1SjYJKPcq3E8JiyAe3xpqWKhtz46eTiETmySod0I21LIZmovydSGhozDAPbGVLsm3lvLP7rGRSPc7uxe+GnQsUJcsWmq7uJJPbpcSCkIzRnKIeWUKaFvZ6wPtWUoY0tZ2Px5kNYJLWTondWdG9PC6XSLKAsHMAhHIMH51CCG6hAFRgoeIYXeHWenDfn3fmYtmac2cw+/IHz+QOBb5cx</latexit>F : C ô D

<latexit sha1_base64="z9/rQvKaarww+4WhK+yxlAaRexo=">AAACNnicbZDLSsNAFIYnXmu9VV26GSyCCymJKIpuCm5ctmAv0JQwmZ60QyeTODMRS+jD+Ba+gVtdunGluPURnLZRtPXAwMf/n8M58/sxZ0rb9os1N7+wuLScW8mvrq1vbBa2tusqSiSFGo14JJs+UcCZgJpmmkMzlkBCn0PD71+O/MYtSMUica0HMbRD0hUsYJRoI3mFiwCfY5cT0eWAK4cG4carYFdOFFdHP241c6vfrlco2iV7XHgWnAyKKKuKV3hzOxFNQhCacqJUy7Fj3U6J1IxyGObdREFMaJ90oWVQkBBUOx1/coj3jdLBQSTNExqP1d8TKQmVGoS+6QyJ7qlpbyT+6ynN7qZ26+CsnTIRJxoEnawOEo5NGKMMcYdJoJoPDBAqmbke0x6RhGqTdN7E4kyHMAv1o5JzUrKrx8VyOQsoh3bRHjpADjpFZXSFKqiGKLpHj+gJPVsP1qv1bn1MWuesbGYH/Snr8wvGSaqh</latexit>

f : ÍP ,fP Î ô ÍQ,fQÎ

<latexit sha1_base64="o5ka9ZsFIBd+MHOYgxw0Y+Zs0+E=">AAACHHicbVDLSgMxFM3UV62vUZduokVoN2VGFN0IBaHoroJ9QFtKJk3b0ExmSO5Iy9C1f+EfuNUfcCduBfd+iGk7oLYeuHByzr3c3OOFgmtwnE8rtbS8srqWXs9sbG5t79i7e1UdRIqyCg1EoOoe0UxwySrAQbB6qBjxPcFq3uBq4tfumdI8kHcwClnLJz3Ju5wSMFLbPizlmsCGEN90xm2Sx5f45xmXciQ/bttZp+BMgReJm5AsSlBu21/NTkAjn0mggmjdcJ0QWjFRwKlg40wz0iwkdEB6rGGoJD7TrXh6yhgfG6WDu4EyJQFP1d8TMfG1Hvme6fQJ9PW8NxH/9TTw4dxu6F60Yi7DCJiks9XdSGAI8CQp3OGKURAjQwhV3Pwe0z5RhILJM2NicedDWCTVk4J7VnBuT7PFYhJQGh2gI5RDLjpHRXSNyqiCKHpAT+gZvViP1qv1Zr3PWlNWMrOP/sD6+AZYPqFR</latexit>

F (Ida) = IdF (a)
<latexit sha1_base64="fMrjJ5BVCz8E6LqmHnOC5OPZ2NM=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2VGFN0IBaG4rGAf0A4lk2Y6oUlmSDJiGbr1L/wDt/oD7sStC/d+iJl2Ftp64MLJOfdyc48fM6q043xZhZXVtfWN4mZpa3tnd8/eP2irKJGYtHDEItn1kSKMCtLSVDPSjSVB3Gek44+vM79zT6SikbjTk5h4HI0EDShG2kgDGzYqcAT7AeYxDGEVXmXvai40KmF1YJedmjMDXCZuTsogR3Ngf/eHEU44ERozpFTPdWLtpUhqihmZlvqJIjHCYzQiPUMF4kR56eySKTwxyhAGkTQlNJypvydSxJWacN90cqRDtehl4r+e0vRhYbcOLr2UijjRROD56iBhUEcwCwoOqSRYs4khCEtqfg9xiCTC2sRZMrG4iyEsk/ZpzT2vObdn5Xo9D6gIjsAxqAAXXIA6uAFN0AIYPIJn8AJerSfrzXq3PuatBSufOQR/YH3+AClunjw=</latexit>

F (g Ø h) = F (g) Ø F (h)

<latexit sha1_base64="6t8Qt0qh2Do5wC5oDhCZg1BomY4=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOepMhs7PrTK8Yllz9A6/6A97Eq//h3Q9xkuxBEwsaiqpuqqkgkcKg6345hZXVtfWN4mZpa3tnd6+8f9A0cao5NHgsY90OmAEpFDRQoIR2ooFFgYRWMLqe+q0H0EbE6g7HCfgRGygRCs7QSh1GaVfCfa9Og1654lbdGegy8XJSITnqvfJ3tx/zNAKFXDJjOp6boJ8xjYJLmJS6qYGE8REbQMdSxSIwfjZ7eUJPrNKnYaztKKQz9fdFxiJjxlFgNyOGQ7PoTcV/PYPicSEbwys/EypJERSfR4eppBjTaSO0LzRwlGNLGNfCfk/5kGnG0fZWsrV4iyUsk+ZZ1buourfnlVotL6hIjsgxOSUeuSQ1ckPqpEE4ickzeSGvzpPz5rw7H/PVgpPfHJI/cD5/AOxQmAU=</latexit>a fP b

<latexit sha1_base64="lsh1cn6qUxCoGGiVBLLC26HD/pA=">AAACDHicbVDLTsJAFL3FF+Kr6NLNRGICG9IajS5J3LiERB4JkGY6TGHCdFpnpipp+AX/wK3+gDvj1n9w74c4QBcKnuQmJ+fcm3Nz/JgzpR3ny8qtrW9sbuW3Czu7e/sHdvGwpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fD3z2/dUKhaJWz2JaT/EQ8ECRrA2kmcXgzKuINTj9M5roKDsVzy75FSdOdAqcTNSggx1z/7uDSKShFRowrFSXdeJdT/FUjPC6bTQSxSNMRnjIe0aKnBIVT+dvz5Fp0YZoCCSZoRGc/X3RYpDpSahbzZDrEdq2ZuJ/3pKs8elbB1c9VMm4kRTQRbRQcKRjtCsGTRgkhLNJ4ZgIpn5HpERlpho01/B1OIul7BKWmdV96LqNM5LtVpWUB6O4QTK4MIl1OAG6tAEAg/wDC/waj1Zb9a79bFYzVnZzRH8gfX5A6FSmeE=</latexit>f (a) fQ f (b)
<latexit sha1_base64="+YAtc219QLOu+0JPWcNaSGgGMKk=">AAACFXicbZDLSsNAFIYnXmu9Vd3pZrAILqQkouiy4MZlBXuBJoTJ9KQdOpnEmYlYQsG38A3c6gu4E7eu3fsgTtMstPWHgY//nMM58wcJZ0rb9pe1sLi0vLJaWiuvb2xubVd2dlsqTiWFJo15LDsBUcCZgKZmmkMnkUCigEM7GF5N6u17kIrF4laPEvAi0hcsZJRoY/mVfexyIvoccOPEINz5DezK3PErVbtm58Lz4BRQRYUafuXb7cU0jUBoyolSXcdOtJcRqRnlMC67qYKE0CHpQ9egIBEoL8v/MMZHxunhMJbmCY1z9/dERiKlRlFgOiOiB2q2NjH/rSnNHmZ26/DSy5hIUg2CTleHKcc6xpOIcI9JoJqPDBAqmbke0wGRhGoTZNnE4syGMA+t05pzXrNvzqr1ehFQCR2gQ3SMHHSB6ugaNVATUfSIntELerWerDfr3fqYti5Yxcwe+iPr8wejXp5J</latexit>ÍP ,fP Î

<latexit sha1_base64="NvbNE8atcAO7lxhStMwHFQubYh8=">AAACFXicbZDLSsNAFIYn9VbrLepON4NFcCElEUWXBTcuW7AXaEKZTE/boZNJnJmIJRR8C9/Arb6AO3Hr2r0P4jTNQlt/GPj4zzmcM38Qc6a043xZhaXlldW14nppY3Nre8fe3WuqKJEUGjTikWwHRAFnAhqaaQ7tWAIJAw6tYHQ9rbfuQSoWiVs9jsEPyUCwPqNEG6trH2CPEzHggOunBuGuW8eezJyuXXYqTia8CG4OZZSr1rW/vV5EkxCEppwo1XGdWPspkZpRDpOSlyiICR2RAXQMChKC8tPsDxN8bJwe7kfSPKFx5v6eSEmo1DgMTGdI9FDN16bmvzWl2cPcbt2/8lMm4kSDoLPV/YRjHeFpRLjHJFDNxwYIlcxcj+mQSEK1CbJkYnHnQ1iE5lnFvag49fNytZoHVESH6AidIBddoiq6QTXUQBQ9omf0gl6tJ+vNerc+Zq0FK5/ZR39kff4ApqKeSw==</latexit>ÍQ,fQÎ



Back to the Swiss Mountains

‣ Berg: objects are (position, velocities) tuples; morphisms are continuous paths. 

‣BergAma: subcategory of Berg where inclination ≤ 1/2. 



Elevation as a functor

‣ Berg: objects are (position, velocities) tuples; morphisms are continuous paths. 

‣BergAma: subcategory of Berg where inclination ≤ 1/2.  
‣There is a functor elevation from Berg to elevation profiles.

elevation

time



Path planning as the search for a functor

‣ Berg: objects are (position, velocities) tuples; morphisms are continuous paths. 

‣BergAma: subcategory of Berg where inclination ≤ 1/2.  
‣Define a category Plans where objects are areas of the mountain  

and morphisms describe visiting order constraints.

Plans

mountain lodge

panoramic lake area

arrive at the peak

BergAma

‣ A Plan is a morphism in Plans. 
‣ Planning means finding a functor from Plans to BergAma.



Path planning as the search for a functor

‣ Berg: objects are (position, velocities) tuples; morphisms are continuous paths. 

‣BergAma: subcategory of Berg where inclination ≤ 1/2.  
‣Define a category Plans where objects are areas of the mountains  

and morphisms describe order constraints.

‣ A Plan is a morphism in Plans. 
‣ Planning means finding a functor from Plans to BergAma. 
‣ An optimal planner is one that chooses the shortest paths.

Plans BergAma
<latexit sha1_base64="6zdWeSIqe8iNqoqRjfHTizv3peo=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzAOSEGYnvcmQ2dl1plcMS/APvOoPeBOvfot3P8TZZA+aWNBQVHVTTfmxFAZd98sprKyurW8UN0tb2zu7e+X9g6aJEs2hwSMZ6bbPDEihoIECJbRjDSz0JbT88XXmtx5AGxGpO5zE0AvZUIlAcIaZ1JVw3y9X3Ko7A10mXk4qJEe9X/7uDiKehKCQS2ZMx3Nj7KVMo+ASpqVuYiBmfMyG0LFUsRBML539OqUnVhnQINJ2FNKZ+vsiZaExk9C3myHDkVn0MvFfz6B4XMjG4KqXChUnCIrPo4NEUoxoVgUdCA0c5cQSxrWw31M+YppxtIWVbC3eYgnLpHlW9S6q7u15pVbLCyqSI3JMTolHLkmN3JA6aRBORuSZvJBX58l5c96dj/lqwclvDskfOJ8/97uV7Q==</latexit> f

<latexit sha1_base64="6zdWeSIqe8iNqoqRjfHTizv3peo=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzAOSEGYnvcmQ2dl1plcMS/APvOoPeBOvfot3P8TZZA+aWNBQVHVTTfmxFAZd98sprKyurW8UN0tb2zu7e+X9g6aJEs2hwSMZ6bbPDEihoIECJbRjDSz0JbT88XXmtx5AGxGpO5zE0AvZUIlAcIaZ1JVw3y9X3Ko7A10mXk4qJEe9X/7uDiKehKCQS2ZMx3Nj7KVMo+ASpqVuYiBmfMyG0LFUsRBML539OqUnVhnQINJ2FNKZ+vsiZaExk9C3myHDkVn0MvFfz6B4XMjG4KqXChUnCIrPo4NEUoxoVgUdCA0c5cQSxrWw31M+YppxtIWVbC3eYgnLpHlW9S6q7u15pVbLCyqSI3JMTolHLkmN3JA6aRBORuSZvJBX58l5c96dj/lqwclvDskfOJ8/97uV7Q==</latexit> f

planner 1

planner 2

planner 3



A category of categories

‣ There exists a category of (small) categories called Cat: 
- objects are categories 
- morphisms are functors 
- the identities are identity functors 

‣ Need to prove that functors compose and that composition is associative:

<latexit sha1_base64="0kMiMA8QsQ46dBYioOzkpSNgl04=">AAACGXicbZDLSsNAFIYn9VbrLepSkMEiuCqJKIqrQutlWcFeoAllMpm2QyeTdGYiltCdb+EbuNUXcCduXbn3QZymWWjrDwM/3zmHM+f3IkalsqwvI7ewuLS8kl8trK1vbG6Z2zsNGcYCkzoOWShaHpKEUU7qiipGWpEgKPAYaXqDyqTevCdC0pDfqVFE3AD1OO1SjJRGHXP/Cl7ACnRUCKvQGQ5j5MNrjaopuuyYRatkpYLzxs5MEWSqdcxvxw9xHBCuMENStm0rUm6ChKKYkXHBiSWJEB6gHmlry1FApJukd4zhoSY+7IZCP65gSn9PJCiQchR4ujNAqi9naxP4b00q+jCzW3XP3YTyKFaE4+nqbsygPnoSE/SpIFixkTYIC6p/D3EfCYSVDrOgY7FnQ5g3jeOSfVqybk+K5XIWUB7sgQNwBGxwBsrgBtRAHWDwCJ7BC3g1now34934mLbmjGxmF/yR8fkDO3adyw==</latexit>F : C ô D G : D ô E

<latexit sha1_base64="4wo7O8xLprYpLCCx/EKe3M0AsEE=">AAACDnicbVDLSsNAFL2pr1pf0S7dDBbBVUlEUVwVio9lBfuAJpTJdNIOnUzCzEQMpf/gH7jVH3Anbv0F936I0zYLrR64cDjnXu69J0g4U9pxPq3C0vLK6lpxvbSxubW9Y+/utVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjOpTv31PpWKxuNNZQv0IDwQLGcHaSD27fIW8kEQJukYXqI48HaPLnl1xqs4M6C9xc1KBHI2e/eX1Y5JGVGjCsVJd10m0P8ZSM8LppOSliiaYjPCAdg0VOKLKH8+On6BDo/RRGEtTQqOZ+nNijCOlsigwnRHWQ7XoTcV/PaXZw8JuHZ77YyaSVFNB5qvDlCPz9DQb1GeSEs0zQzCRzFyPyBBLTLRJsGRicRdD+Etax1X3tOrcnlRqtTygIuzDARyBC2dQgxtoQBMIZPAEz/BiPVqv1pv1Pm8tWPlMGX7B+vgGqR2aZg==</latexit>F Ø G : C ô E

<latexit sha1_base64="vGJRh0x+5JPtB+vgqK3zEhantlo=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosdALh4TMImQLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgdNLGgoqrqppoJECoOu++UU1tY3NreK26Wd3b39g/LhUdvEqebQ4rGM9X3ADEihoIUCJdwnGlgUSOgE4/rM7zyANiJWdzhJwI/YUIlQcIZWatb75Ypbdeegq8TLSYXkaPTL371BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbPKgIaxtqOQztXfFxmLjJlEgd2MGI7MsjcT//UMiselbAxv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2XsEraF1Xvquo2Lyu1Wl5QkZyQU3JOPHJNauSWNEiLcALkmbyQV+fJeXPenY/FasHJb47JHzifP2ASlHQ=</latexit>C <latexit sha1_base64="74cWX4sgZSzTVRx8twYW1VD63jM=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAHjwmYB6QLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgeNFjQUVd1UU0EihUHX/XQKK6tr6xvFzdLW9s7uXnn/oGXiVHNo8ljGuhMwA1IoaKJACZ1EA4sCCe1gfD3z2/egjYjVHU4S8CM2VCIUnKGVGjf9csWtunPQv8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbHKgIaxtqOQztWfFxmLjJlEgd2MGI7MsjcT//UMioelbAyv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2X8Je0zqreRdVtnFdqtbygIjkix+SUeOSS1MgtqZMm4QTIE3kmL86j8+q8Oe+L1YKT3xySX3A+vgFhqJR1</latexit>D <latexit sha1_base64="RB8GP5+dZdKlNZjTGBOZkiMM6xw=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseACB4TMA9IljA76U2GzM4uM71iWPMFXvUHvIlXf8a7H+Ik2YNGCxqKqm6qqSCRwqDrfjqFldW19Y3iZmlre2d3r7x/0DJxqjk0eSxj3QmYASkUNFGghE6igUWBhHYwvp757XvQRsTqDicJ+BEbKhEKztBKjZt+ueJW3TnoX+LlpEJy1Pvlr94g5mkECrlkxnQ9N0E/YxoFlzAt9VIDCeNjNoSupYpFYPxs/uiUnlhlQMNY21FI5+rPi4xFxkyiwG5GDEdm2ZuJ/3oGxcNSNoZXfiZUkiIovogOU0kxprMe6EBo4CgnljCuhf2e8hHTjKNtq2Rr8ZZL+EtaZ1Xvouo2ziu1Wl5QkRyRY3JKPHJJauSW1EmTcALkiTyTF+fReXXenPfFasHJbw7JLzgf32M+lHY=</latexit>E
<latexit sha1_base64="RrWXUqK/gon0nbRVjG+48tE0mts=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAIB4TMA9IljA76U2GzM4uM71iWPMFXvUHvIlXf8a7H+Ik2YNGCxqKqm6qqSCRwqDrfjqFldW19Y3iZmlre2d3r7x/0DJxqjk0eSxj3QmYASkUNFGghE6igUWBhHYwvp757XvQRsTqDicJ+BEbKhEKztBKjZt+ueJW3TnoX+LlpEJy1Pvlr94g5mkECrlkxnQ9N0E/YxoFlzAt9VIDCeNjNoSupYpFYPxs/uiUnlhlQMNY21FI5+rPi4xFxkyiwG5GDEdm2ZuJ/3oGxcNSNoZXfiZUkiIovogOU0kxprMe6EBo4CgnljCuhf2e8hHTjKNtq2Rr8ZZL+EtaZ1Xvouo2ziu1Wl5QkRyRY3JKPHJJauSW1EmTcALkiTyTF+fReXXenPfFasHJbw7JLzgf32TUlHc=</latexit>F

<latexit sha1_base64="/tzbjbzsk4rCGgEHCdkXQoJBlQg=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseABz0mYB6QLGF20psMmZ1dZnrFsOYLvOoPeBOv/ox3P8RJsgeNFjQUVd1UU0EihUHX/XQKK6tr6xvFzdLW9s7uXnn/oGXiVHNo8ljGuhMwA1IoaKJACZ1EA4sCCe1gfD3z2/egjYjVHU4S8CM2VCIUnKGVGjf9csWtunPQv8TLSYXkqPfLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/NEpPbHKgIaxtqOQztWfFxmLjJlEgd2MGI7MsjcT//UMioelbAyv/EyoJEVQfBEdppJiTGc90IHQwFFOLGFcC/s95SOmGUfbVsnW4i2X8Je0zqreRdVtnFdqtbygIjkix+SUeOSS1MgtqZMm4QTIE3kmL86j8+q8Oe+L1YKT3xySX3A+vgFmapR4</latexit>G

<latexit sha1_base64="o5ka9ZsFIBd+MHOYgxw0Y+Zs0+E=">AAACHHicbVDLSgMxFM3UV62vUZduokVoN2VGFN0IBaHoroJ9QFtKJk3b0ExmSO5Iy9C1f+EfuNUfcCduBfd+iGk7oLYeuHByzr3c3OOFgmtwnE8rtbS8srqWXs9sbG5t79i7e1UdRIqyCg1EoOoe0UxwySrAQbB6qBjxPcFq3uBq4tfumdI8kHcwClnLJz3Ju5wSMFLbPizlmsCGEN90xm2Sx5f45xmXciQ/bttZp+BMgReJm5AsSlBu21/NTkAjn0mggmjdcJ0QWjFRwKlg40wz0iwkdEB6rGGoJD7TrXh6yhgfG6WDu4EyJQFP1d8TMfG1Hvme6fQJ9PW8NxH/9TTw4dxu6F60Yi7DCJiks9XdSGAI8CQp3OGKURAjQwhV3Pwe0z5RhILJM2NicedDWCTVk4J7VnBuT7PFYhJQGh2gI5RDLjpHRXSNyqiCKHpAT+gZvViP1qv1Zr3PWlNWMrOP/sD6+AZYPqFR</latexit>

F (Ida) = IdF (a)
<latexit sha1_base64="fMrjJ5BVCz8E6LqmHnOC5OPZ2NM=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2VGFN0IBaG4rGAf0A4lk2Y6oUlmSDJiGbr1L/wDt/oD7sStC/d+iJl2Ftp64MLJOfdyc48fM6q043xZhZXVtfWN4mZpa3tnd8/eP2irKJGYtHDEItn1kSKMCtLSVDPSjSVB3Gek44+vM79zT6SikbjTk5h4HI0EDShG2kgDGzYqcAT7AeYxDGEVXmXvai40KmF1YJedmjMDXCZuTsogR3Ngf/eHEU44ERozpFTPdWLtpUhqihmZlvqJIjHCYzQiPUMF4kR56eySKTwxyhAGkTQlNJypvydSxJWacN90cqRDtehl4r+e0vRhYbcOLr2UijjRROD56iBhUEcwCwoOqSRYs4khCEtqfg9xiCTC2sRZMrG4iyEsk/ZpzT2vObdn5Xo9D6gIjsAxqAAXXIA6uAFN0AIYPIJn8AJerSfrzXq3PuatBSufOQR/YH3+AClunjw=</latexit>

F (g Ø h) = F (g) Ø F (h)










