Session 10 - Parallelism
Applied Compositional Thinking for Engineers




Logistics, announcements

This weekend:
» Saturday, January 30th at 09:00 UTC: Office hour;



Today: Parallelism

[
A‘ 7 range [m]
capacity [pax/car] T T TTTTTTTTTTTTTTTTTTT T mE e
-bound —()—————————————————4 . Pt cccc e aa
- O power [W] Vehicle \‘
f mass [g] P - T T T T T T T s s s s T
/~ dynamic performance [m/s - m/s? - m/s?] 3P~~~ ) e — + I ______ !
speed cruise B ST 4 :
[m/s] costICHH &) ) .
Longitudinal p - - - - - - - e T | R T
power [W] 2 |
control  [mass[e] ~ & !
nasstel__ . IS .
computation [op/s] = N\ |
A oA ficomion brake N Ar o 'r
environment = P p------ X total :
L . 7 power [W]:
Discomfort p-|-{---- g +|'""\ |
r control effort 7 Vo
Lateral  [: s_t_[él_-ll_:]__@_‘ 4 ) =
[
control [~~~ 0" S L
| Isystem|  ooo___. p_oyvgr_[_\’\_’]__@ _ total 11
noise KB mass [g] __ T _ Q3 + I_rrla§s\[g] .
| < S _ol N
— 7 g )computation [op/s] o \ ( E
}
t [CHF Lo
oS ICHEL o - anI Tt
. ower [W Voot
Computlng Raiiied V] ___ S computation; | | !
( s fmass[g] Q S loplsl
__________________________ 4 [ B |
\__computation [op/s] % S
" S ;!
L NG S Y .

operational cost)
[CHF/km]




Today: Parallelism
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Today:

» Monoids, monoidal posets, wiring diagrames;

» Monoidal categories;
» Enrichments;

» Locally posetal structures.



Monoid

» A monoid consists of:
1. A set M;
2. A neutral element e € M,
3. An operation () : M X M — M,
» These satisfy:
a) Associative law: (x % y) x z = x * (Y * z);
b) UnitLaws: 1% x =x = x % 1.



Monoid

» A monoid consists of:
1. A set M;
2. A neutral element e € M;
3. An operation () : M X M — M,
» These satisfy:
a) Associative law: (x % y) x z = x * (Y * z);

b) Unit Laws: ¥ x = x = x % /1.
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Monoid

» A monoid consists of:

1. A set M;

2. A neutral element e € M;

3. An operation () : M X M — M,
» These satisfy:

a) Associative law: (x % y) % z = x * (y * 2);
b) UnitLaws: 1% x =x = x % 1.

» (R, +,0):
(x+y)+z=x+(y+2)
and
O+x=x=x+4+0

» (R, max,0):
max(max(x, y),z) = max(x,y, z)
= max(x, max(y, z))

and
max(0, x) = x = max(x,0)



[Lists as monoids

» A sequence is afunction f: A - S, with A C Ng;
» A sequence is finite if A is finite;

» Finite sequences are often called lists;

» Given S, denote the set of all lists on S by S*.
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[Lists as monoids

» A sequence isafunction f: A — S, with A C N;
» A sequence is finite if A is finite;

» Finite sequences are often called lists;

» Given S, denote the set of all lists on S by S*.

Alistisa s € S* and consistsof an € Ny and f : [n] — S, with

In|={i: N|i<n}

It assigns O, ..., n — 1 to Sg, ..., S 15

Empty list is the unique list of length O;

Given a list x € S* of length m and a list y € S* of length n, we can define their
concatenation x * y as list of length m + n with:

, X; iti<m
i — 9

\yi—m if i > m.



Endomorphisms in every category form a monoid

@ a @

X —> Y < 7



Endomorphisms in every category form a monoid

@ a @

X —> Y < 7

» For any category C, and any X € Ob., Hom¢(X, X) is a monoid:
— : composition “§” in C;
— e: identity idy;

» Associativity and unitality follow from C;

» A monoid is a one-object category.



Monoidal poset definition

» A (symmetric) monoidal structure on a poset (P, <) consists of:

1. Anelement] € P, called monoidal unit, and
2. afunction @ : P X P — P, called the monoidal product. Note that we write

®(p1>pP2) =P1 ® DP2s P12 EP.
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Monoidal poset definition

» A (symmetric) monoidal structure on a poset (P, <) consists of:

1. An element I € P, called monoidal unit, and

2. afunction @ : P X P — P, called the monoidal product. Note that we write
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b. Unitality: Forallpe P:IQ p=pand pQ® I = p.
c. Associativity: Forall p,q,r e P: (p®@ @) @ r=pQ (q @ r).



Monoidal poset definition

» A (symmetric) monoidal structure on a poset (P, <) consists of:

1. An element I € P, called monoidal unit, and

2. afunction @ : P X P — P, called the monoidal product. Note that we write
®(p1>pP2) =P1 ® DP2s P12 EP.

» The constituents must satisfy:
a. Monotonicity: For all p,, p,q:,9, € P, if p; < g; and p, < g,, then

P1 ® P2 =X q; R Qq,.

b. Unitality: Forallpe P:IQ p=pand pQ® I = p.
c. Associativity: Forall p,q,r e P: (p®@ @) @ r=pQ (q @ r).
d. Symmetry: Forall p,ge P: p®q=qgQ® p.

» A poset equipped with (P, <,1, ®) is called a monoidal poset.



Monoidal poset examples

» (R, <,0,): %Sy, XSy =p \X,ﬁ— X, £ \d/\-uk,,J
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Monoidal poset examples

» (R, <,0,+):
- Givenx; <y, X S Vi X1+ X, £ Y1 + Vo
- 0+x=x=x+0;
- (x+y)+z=x+ QY+ 2);
- xX+y=y+x.

> (R,<, 1, %)

- —5<0and -4 < 3;
- =5-—4£3-0

» (Bool, <g,.,1,true, A):

A false true
false | false false
true false true

— XA true = x = true A X;
= X SV X SVl X1 A Xy S Y1 A Vs



Swiss) wiring diagrams
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Introducing wiring diagrams

» “Visual representations for building new relationships from old”;

» In monoidal posets we have “<” (series):

s e

» In symmetric monoidal posets, we can also do parallel:

\
W L T g

» Monoidal product:

» Monoidal unit;:




Wiring diagrams for symmetric monoidal posets

» Reflexivity:

» Transitivity:

» Monotonicity:

» Unitality:

» Associativity:

» Symmetry:
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From monoidal posets to monoidal categories




Definition of monoidal category

» A monoidal structure on a category C consists of:

1. An object I € Ob called the monoidal unit;
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» A monoidal structure on a category C consists of:

1. An object I € Ob called the monoidal unit;
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Definition of monoidal category

» A monoidal structure on a category C consists of:

1. An object I € Ob called the monoidal unit;
2. Afunctor @ : Cx C — C, called the monoidal product.

» These are subject to natural isomorphisms:

3. Ac: I ®c = cforeveryc € Obg,

4. p.. c®I = ctorevery c € Obg,

5. Aede- (c®d)Q@e=c®(d®e)foreveryc,d,e € Obe.
» These are required to satisty:

- The triangle identity:

Ae1,d

c®D®d - y c® (I ®d)

pccpI\\ . I/Imd

Qd
— The pentagon identity:

“a®y(a ® b) ® (C ® d) Xa,b,c@d

,C \,/\,

(c®b)®c)®d (a® (bR (c®d)
aa,b,c®idd\l, ']\ida ®Ap.c.d
(a®@b®c)®d >»a®@(b®c)®d)

Xa,bxc,d

» A category equipped with a monoidal structure is called a monoidal category.



Monoidal structure on Set
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Monoidal structure on Set
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Monoidal structure on Set




Monoidal structure on Set
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Definition of symmetric monoidal category

» Take a monoidal category (C, ®, I), consider ¢,d € Obg;



Definition of symmetric monoidal category

» Take a monoidal category (C, ®, I), consider ¢,d € Obg;
» A symmetric structure on it consists of an

N

isomorphism o, ;: (¢ ® d) > (d ® ¢), called the braiding. The braiding must
satisty, Vc,d € Obg:

1. Naturality: Given any morphisms f; : ¢; = d; and f, : ¢, — ds:

J1®f2

€1 Q¢ > di ®d,
al, Lo
¢ f2f1" d> ® d,
2. Given any ¢,d € Obg:
IQc —— c®I c®d Z s d®c
e N K
C c®d

3. Hexagon identity: Given any c,d, e € Ob:

Oc,d® Xd,c,e

ide

c®d)®e » (d®c)Qe d®(c®e)
ac,d,e\l, \l,idd ®0c,e
c®(ARe) e » (d®e)Qc d® (e®c)

g

~

%d.e,c



Other examples of monoidal categories

» Exercise: Check that (Set, X, {x}) forms a symmetric monoidal category.



Other examples of monoidal categories

» Exercise: Check that (Set, X, {x}) forms a symmetric monoidal category.
» (Set,U, D);

> (P(A),Nn,A)and (P(A),U, B);

» (Vect,®,1);

» (Vect, P, 0):




Other examples of monoidal categories

» Exercise: Check that (Set, X, {x}) forms a symmetric monoidal category.
> (Set,U, J);

» (P(A),N,A)and (P(A),U, D);

» (Vect,®,1);

» (Vect, P, 0):

» When the monoidal product is the categorical product: cartesian monoidal
category.



Semantics of monoidal in DP

» Two design problems in parallel;
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DP is (symmetric) monoidal

D___

» Take design problems f: A —+ B,g: C =+ D;
» The monoidal unit is a singleton {x};

» Their monoidal product is:

f®g: (AxXC)P x (BxX D) —p, Bool,
(a, )", (b,d)) » f(a*,b) A g(c*,d).

» This (and some more things) form a symmetric monoidal category.



Enriched categories

» Given a category C, Hom is usually a set;
» What if this has a more specific structure?
— Topological space;
— Vector space;
— Poset.

» Let(V,®,I)be a monoidal category ;

» A category C enriched in V is composed of:
1. Objects: A set Ob of objects;
2. Objects of morphisms: For each x,y € Ob, an hom-object Hom¢(x, y) € Oby,
3. Composition morphism: for each x, y, z € Ob¢, a morphism

3. Home(x,y) ® Homq(y, z) - Home(x, 2)

4. Identity element: For any x € Obc, an identity element id, : I — Hom(x, x).
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Enriched in Pos: locally posetal

» A 2-category C is locally posetal if it is Pos-enriched;
» For x,y € Obs: Hom¢(x, y) is a poset



Enriched in Pos: locally posetal

» A 2-category C is locally posetal if it is Pos-enriched;
» For x,y € Obs: Hom¢(x, y) is a poset

» DP is locally posetal;
» Morphisms in DP are boolean profunctors;

» Given f,g: A —+ B,wesay “f implies g”, denoted f <pp g, if

f(a*,b) <poo1 &(a*,b) VYa e A,b € B.



Join in DP

» Consider f,g: A —+ B;
» Their join is:
(fvg): A’ X B —»p,s Bool
(a*,b) —» f(a*,b) Vv g(a*,b).

» “Choose any”: interchangeable technologies.



Meet in DP

» Consider f,g: A —+ B;

» Their meet is:
(fAg): AP X B —p,s Bool

(a*,b) —» f(a*,b) A g(a*,b).
» “Convince two experts”;

» Specific case of monoidal product



DP is locally latticeal

» DPis enriched in BoundedLat;



DP is locally latticeal

» DPis enriched in BoundedLat;
» Consider f,g: A — B:

LaB fAg fvg Ta,B
A A
“nothing 4 54 5 “everything
possible” ) E . y E . possible”

“convince two experts” “choose any”



What’s missing?
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Logistics, announcements

Next Week plan:

» Saturday, January 30th at 09:00 UTC: Office hour;

» Monday, February 1st at 18:00 UTC: Session 11 (Feedback);

» Wednesday, February 3rd at 14:00 UTC: Session 12 (Optimization);

» Thursday, February 4th at 20:00 UTC: Guest Lecture 4 (Prof. Michael
Johnson);

» Friday, February 5th at 1800 UTC: Session 13 (Summary).



Question at Paolo’s talk

All told, a monad in X is just a monoid in the category of endofunctors of X

» Given a category C, the endofunctor category of C has:

— Objects: endofunctors F: C — C;
— Morphisms: natural transformations between functors.

Now, a monoid is:
— A set M;
— An operation () : M X M — M;
— A neutral element e € M. Can be writtene: 1 — M.

A monad is:

— An endofunctor T: X — X;
— A natural transformationu: TX T — T;
— A natural transformation»n: I — T.



