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Design queries

‣ Two basic design queries are: 
- FixFunMinReq: Fixed a lower bound on functionality, minimize the resources. 
- FixReqMaxFun: Fixed an upper bound on the resource, maximize the functionality 
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‣ Other variations of the problem, having constraints on both sides and mixed objectives, 
are formally equivalent:
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Design queries

‣ Two basic design queries are: 
- FixFunMinReq: Fixed a lower bound on functionality, minimize the resources. 
- FixReqMaxFun: Fixed an upper bound on the resource, maximize the functionality 

 
 
 
 
 
 
 
 
 

‣ We are looking for: 
- A map from functionality to upper sets of feasible resources; 
- A map from functionality to antichains of minimal resources.

Given the functionality to be provided, 
what are the minimal resources required?

design  
problem

  FixFunMinReq  
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Optimization semantics

‣ This is the semantics of FixFunMinReq as a family of optimization problems.

for each node: for each edge:

chosen 
by user

objective

constraints

variables ! not convex 

! not differentiable 

! not continuous 

! not even defined on 
continuous spaces 

to minimize
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How can category theory help?

‣ For engineering, having only a categorical model of the domain is of limited utility. 
How does it help solving a real problem™ ? 

‣ Possible risk: engineer reading descriptive papers expecting actionable information, 
gets disappointed, dismisses category theory as abstract nonsense. 

‣ Perhaps, it is about workflow systematization. 

‣ My own experience: CT helps greatly to define and implement solutions  
for “compositional domains” like co-design, computation graphs, etc. 
- Both my papers and my code were much shorter!

descriptive vs actionable



Looking for patterns

‣ We distinguish among: 
- Models: the data of the problem. Modeled as a category. 
- Problem: the type of question that we want to ask. 
- Question: an instance of the problem; to which we need to find an Answer.
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certificate of optimality; 

or a proof of infeasibility.

minimum 
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Co-design co-design 
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FixFunMinReq
upper set 

 of resources
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Looking for compositionality

‣ Can we find a compositional structure? 
- Models are morphisms in a category; 
- “Solvers” are morphisms in another category; 
- Functoriality of P: if two models compose,  

you can find the solver by composing the solvers.
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Looking for compositionality

Models Problem AnswersQuestions

‣ Note: Functoriality is very strong.
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‣ Can we find a compositional structure? 
- Models are morphisms in a category; 
- “Solvers” are morphisms in another category; 
- Functoriality of P: if two models compose,  

you can find the solver by composing the solvers.



Monoidal functoriality is very strong

‣ Translating from Types to SerialPrograms, a category of serialized computation. 
- Note: whether the compiler has any freedom of choice here  

depends on the semantics of your programming language.
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Enrichment for modeling performance

‣ If we use functors, each model is mapped to 1 solver, the only “right” one. 
‣ Rather, there are typically many solutions for each problem. 
‣ Solutions often have a notion of “quality” over which they can be ranked. 
‣ Profunctors / enriched categories appear naturally in this context.

Models Problem AnswersQuestions
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Multiple “procedures”  
“implement” the same function.

‣ Still missing:  
- What would be a computable (finite) representation of the problem? 
- When do we start talking about computational resources? 

“Procedures” vs functions.
We cannot even 
represent all posets.



‣ Coming up: remarks about making mathematical problems computable. 

‣Dr. Turing, please forgive some poetic license!

It’s  cool, mate!

Wenn das Mathematik 
ist, bin ich ein Strauß.



From math to implementation

Mathematical phase Algorithmic phaseConstructive phase

Prove the problem is 
well posed and that 
a solution exists.

Define a constructive  
method to find the solution.

Find an effective method  
for a specific model  
of computation.

Implementation

Implement on a 
specific machine, 
with limited resources.
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From math to implementation

Mathematical phase Algorithmic phaseConstructive phase

Prove the problem is 
well posed and that 
a solution exists.

Define a constructive  
method to find the solution.

Find an effective method  
for a specific model  
of computation.

Implementation

Implement on a 
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   Same thing if you are a constructivist       

    Same thing if you are a finitist         

    Same thing if you are an ultra-finitist      

Philosophical perspectives

“Secure one-way function:” 
whoever has the resources to 

find a collision would rather use 
garden-hose cryptanalysis.



From math to implementation

Mathematical phase Algorithmic phaseConstructive phase

Prove the problem is 
well posed and that 
a solution exists.

Define a constructive  
method to find the solution.

Find an effective method  
for a specific model  
of computation.

Implementation

Implement on a 
specific machine, 
with limited resources.

   Same thing if you are a constructivist       

Engineering syncretism: 
I will believe in any philosophy or pantheon of deities,  

if it helps me getting things done with less stress.

    Same thing if you are a finitist         

    Same thing if you are an ultra-finitist      

Philosophical perspectives



Solving co-design problems

sufficient condition:

Mathematical phase Algorithmic phaseConstructive phase

Prove the problem is 
well posed and that 
a solution exists.

Define a constructive  
method to find the solution.

Find an effective method  
for a specific model  
of computation.

Implementation

Implement on a 
specific machine, 
with limited resources.

FixFunMinReq

<latexit sha1_base64="3URdYU+gDLYxUzZ3daUnInmmpF0="></latexit>DP
<latexit sha1_base64="2a1Q10OEw+trHZEUiwybdsPXHbA="></latexit>DPcomp

FixFunMinReq

<latexit sha1_base64="mH2Ri+pLM30FSkZo8p+ZR8kpMNA="></latexit>UPoscomp
<latexit sha1_base64="h5BUDhIdW5SWxGrUe2g86RjEAKg="></latexit>UPos

1) Allow only posets P such that UP  
is a direct complete partial order. 

2) Allow only DPs such that 
 
is a Scott-Continuous map. 

<latexit sha1_base64="Wt2t0WQW34dUzgwEvhZ4pnMHgCQ="></latexit>

h : F ô UR

All posets are finite.

Allow only upper sets 
that can be represented 
as finite anti-chains.

<latexit sha1_base64="1WehjtyZFixQ6/+AsRSP7rEEcqU="></latexit>

S = ~ MinS

<latexit sha1_base64="oqvgrC3M10HX3muKlf99ogFLUDs="></latexit>

h : F ô AR
<latexit sha1_base64="Wt2t0WQW34dUzgwEvhZ4pnMHgCQ="></latexit>

h : F ô UR
<latexit sha1_base64="Wt2t0WQW34dUzgwEvhZ4pnMHgCQ="></latexit>

h : F ô UR

FixFunMinReq

<latexit sha1_base64="ckK5/bVljBXAXHMfZxpHCxCYKo0="></latexit>UPosdiscrete

<latexit sha1_base64="3j8VX/cMmWyLQLZhzCpDwXTc780="></latexit>DPdiscrete

(In this context, DCPO and Scott Continuity 
are like compactness and Cauchy sequences 
for analysis: they ensure that some type of 
sequences will converge somewhere.) 



Solution formulas

‣Suppose we are given the function  for all nodes in the co-design graph. 

‣Can we find the map  for the entire diagram? 
‣By induction, we just need to work out the the composition formulas 

for all operations we have defined.
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<latexit sha1_base64="j3f5c9Hjj93UUYcGC8XCsdI5EZE="></latexit><latexit sha1_base64="j3f5c9Hjj93UUYcGC8XCsdI5EZE="></latexit><latexit sha1_base64="j3f5c9Hjj93UUYcGC8XCsdI5EZE="></latexit><latexit sha1_base64="j3f5c9Hjj93UUYcGC8XCsdI5EZE="></latexit>

A
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What about loops?

battery

battery must power motor

chassis must  
carry battery

chassis requires  
motors to move

chassis motor



Trace vs Conway

‣ It is convenient to use the Conway operator rather than the Trace operator. 
- These are equivalent, in the sense that I can define Trace from Conway and vice-versa.

<latexit sha1_base64="S37ZoKcTgo7jE/GXMbHJg/RyNy0="></latexit>Conway(x)<latexit sha1_base64="Z709w3MAvXwZKjRYDJfdNCJjvs0="></latexit>Trace(y)

<latexit sha1_base64="vYzL4Uzp9eK8cc7rHRUe+oRVbRs="></latexit>x<latexit sha1_base64="v4UDJyNS0TPA7iQxAC+E5U8mf3Q="></latexit>y



Solution for Conway form

Theorem. The set of minimal feasible resources can be obtained  
as the least fixed point of a monotone function in the space of anti-chains.



Solution for Conway form

Corollary. The set of minimal solutions can be found using Kleene’s algorithm.

If the iteration diverges, it is a certificate of infeasibility.



What about multiple loops?

‣ Generally speaking, a fixed point iteration will converge at the -th step,  
where  is the first infinite ordinal - a countable number of steps. 

‣ But: if we close 2 loops, we need to compute a fixed point of a fixed point: 
this will take  steps. 

‣ The properties of trace allows us to only reduce to 1 loop.

ω
ω

ω2



Reducing to a normal form

arc feedback set
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arc feedback set removed
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Complexity

‣ The complexity of solving the problem depends on the “thickness”  
of the “minimal feedback arc set” cut to create the normal form. 
- Not combinatorial in the size of the implementations!

R1 ⇥ R2

R1

R2



Bounded approximations

‣ We can obtain bounded approximation with converging sequences 
considering a category of DP intervals (twisted arrow category).



Conclusions

‣ A useful direction for applied category theory is looking at modeling problems,  
rather than just modeling the structure of the domain. 

‣ It seems that many synthesis problems have a compositional structure: 
models and solvers are categories, linked by a functor-like P arrow. 

‣ Enriched categories may help modeling performance levels and resources usage. 
‣ Monads, operads, etc. and other more advanced topics that we never mentioned  

start to shine at this level of abstraction.

Models Problem AnswersQuestions

M Q A
P
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