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Monads
(continued)



Another perspective on Monads

» Kleisli perspective:
- Monads can be used to model “generalized objects” and “generalized morphisms”
- Examples: powersets, probabilities, intervals, functions with side-effects, ...
- Basic idea:

» M-algebras perspective:

- Monads can be used to “encode theories of operations” or to “blueprint algebraic
gadgets”

- Examples: the theory of monoids, monoid actions, ...
- Basic idea:
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Formal expressions

» What is a “formal expression” ?

X = {63 &’ f}
(@] (@] * [I] [[@] * [<I]]
=)
(/] (@] * [I] * [#] [[@] * [<D] * [#°]]
(@] * [@] * [ ]
(@] [[@]]

[[@] = [D]] = [[@] = [@] = [F]] = [[@]]

[[@1] = [[D1] = [[#]]



Evaluating formal expressions

» What do we mean by “evaluating” ?

@]« [ ——— @+

(@] « [D] =[] ——— @+ID+ S

(@] = [@] =« [@] P+d+&

(@]« [ ————— [@ =[]




Monad for formal expressions

» Suppose we have a monad that maps a set to the set of formal multiplications of its
elements:

X=@Ds > A< f1),[],[0), [ []x 0]
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Algebras for a monad

Definition (Algebra of a monad). Let (M, un, mu) be a monad on a category C.
An algebra of M (also called an M-algebra) is specified by:

Constituents

1. an object X of C;
2. amorphism a : M(X) — X of C.

Conditions

1. Unit: the diagram

un
X —5% M)

b

commutes.
2. Composition: the diagram

™ s M) M9 M)

muy | la

M(X) ———> X

commutes
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Morphisms of M-algebras

Definition (M-algebra morphism). Let (M, un, mu)be a monad on a category C,
and let (X, a;) and (X,, a,) be algebras of M. A morphism (X1, a;) = (X5, a,)
of M-algebras is specified by:

Constituents
1. A morphism [ : X; — X, in C.
Conditions

1. The diagram

Mj
M(Xq) —> M(X;)

all laz

X1 —— X,

f

commutes.



Morphisms of M-algebras

MK = K=
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Category of M-algebras

Definition (Category of M-algebras). Let (M, un, mu) be a monad on a category
C. The category of M-algebras CM of the monad M is specified by:

1. Objects: M-algebras;

2. Morphisms: M-algebra morphisms;

3. Identities: given an M-algebra (X, a), its identity morphism is Idy;
4. Composition: is induced by the composition of morphisms in C.

» Examples:
- List monad: category of algebras is the category of monoids
- Writer monad: category of algebras is the category of monoid actions

- Powerset monad: category of algebras is the category of complete semilattices
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Definition (Kleisli morphisms). Let (M, un, mu) be a monad on a category C,
and let X, Y € Obc. A Kleisli morphism X — Y is morphism of C of the form X —
MY.



Comparing the two perspectives

Definition (Kleisli morphisms). Let (M, un, mu) be a monad on a category C,
and let X, Y € Obc. A Kleisli morphism X — Y is morphism of C of the form X —
MY.

Definition (Kleisli composition). Let (M, un, mu) be a monad on a category C,
let X,Y,Z € Obc,andlet f : X - MY and g : ¥ — MZ be morphisms in C
(so, they are Kleisli morphisms). Their Kleisli composition is the morphism in C
given by the composition

f Mg muy
X>MY)-> MsM)(Z) - M(Z).



Comparing the two perspectives
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and let X, Y € Obc. A Kleisli morphism X — Y is morphism of C of the form X —
MY.

Definition (Kleisli composition). Let (M, un, mu) be a monad on a category C,
let X,Y,Z € Obc,andlet f : X - MY and g : ¥ — MZ be morphisms in C
(so, they are Kleisli morphisms). Their Kleisli composition is the morphism in C
given by the composition

f Mg muy
X>MY)-> MsM)(Z) - M(Z).

Definition (Kleisli category). Let (M, un, mu) be a monad on a category C. The
Kleisli category Cy, of the monad M is specified by:

1. Objects: Ob(C,,) := Ob(C);

2. Morphisms: Homg, (X,Y) := Homg(X, M(Y));

3. Identities: Idy := uny;

4. Composition: Kleisli composition.



Comparing the two perspectives

Definition (Algebra of a monad). Let (M, un, mu) be a monad on a category C.
An algebra of M (also called an M-algebra) is specified by:

Constituents

1. an object X of C;
2. amorphism a : M(X) — X of C.

Conditions

1. Unit: the diagram

un
X —5% M)

b

commutes.
2. Composition: the diagram

™ s M) M9 M)

muy | la

M(X) ———> X

commutes



Comparing the two perspectives

Definition (M-algebra morphism). Let (M, un, mu)be a monad on a category C,
and let (X1, a;) and (X,, a,) be algebras of M. A morphism (X, a;) = (X5, a,)
of M-algebras is specified by:

Constituents
1. A morphism [ : X; = X, inC.
Conditions

1. The diagram

Mf
M(Xq) — M(X3,)

ali laz

X1 —— X,

f

commutes.



Comparing the two perspectives

Definition (M-algebra morphism). Let (M, un, mu)be a monad on a category C,
and let (X1, a;) and (X,, a,) be algebras of M. A morphism (X, a;) = (X5, a,)
of M-algebras is specified by:

Constituents

1. A morphism [ : X; = X, inC.
Conditions

1. The diagram

Mf
M(X,) — M(X3,)

ali laz

X1 —— X,

f

commutes.

Definition (Category of M-algebras). Let (M, un, mu) be a monad on a category
C. The category of M-algebras CM of the monad M is specified by:
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Monad

List

Writer

Powerset

Probability

Interval

Comparing the two perspectives

Kleisli

Lists generalize elements

Accounting for side effects

Subsets generalize elements

Distributions generalize elements

Intervals generalize elements

... and more...

Algebras

Monoids

Monoid actions

Complete semilattices

Convex spaces



